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1. Introduction

= Time-delay

= Neural networks

= Markovian jump process

= Linear matrix inequality(LMI)

= Motivation



Time-delay

Neural networks

1 . | nt rO d u Ct i O n Markovian jump process

Linear matrix inequality(LMI)
Motivation

Time-delay

» The cause of instability and poor performance.

= Communication, Sensing and electronic systems and so on.

WL

Data Management /
Visualization

Sensor to Satellite /
Cell / Base

Sensor to Robot /
Airplane /
Ground

Examples of time-delay

(http://transsensorsrobots.epri.com/communication-technologies.html) 4/49



Time-delay

Neural networks

1 . | nt rO d u Ct i O n Markovian jump process

Linear matrix inequality(LMI)
Motivation

What is neural networks?

Neural networks system consists of
Input Layer Hidden Layer Output Layer several layers such as input, hidden,
and output.

Each layer creates connections
about some information.

These connections of layers are
called the activation functions.

5/49



Time-delay
Neural networks

1 . | nt rO d u Ct i O n Markovian jump process

Linear matrix inequality(LMI)
Motivation

How is the activation function structured?

Denldrite Axon Input Weight
terminal :
x"UH M

Node of &
Ranvier

xénfl) % f =w2j\ State
OlfaRe

fRca) o f oW /

3

Schwann cell

Nucleus

x; ... X, denote the neuron state and they have each weights.

These information of the neurons summarizes a function called by the
activation function.
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Time-delay
Neural networks

® k . o
1. Introduction Markovian jump process

Motivation

Markovian jump process

-Th ti f linear system
€ properties of honiinear sy |f‘> -Random change for a system

-Various natural phenomena

State diagram

USEI i L
The transition matrix is

A [nn 7[12}

7T12 PZ
72-21 72-22

with

@B s={1, 2}.

22 7/49




Time-delay
Neural networks

1 . | nt rO d u Ct i O n Markovian-jump process

Linear matrix inequality(LMI)
Motivation

Linear matrix inequality ( LMI )

® Given any matrices 4, B and symmetric matrices P, O, R
- Examples of LMI

ATP+PA<0,

A"P+PA BO
<0
OB"  -R

LMI can be easily solved by using Matlab LMI toolbox.
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Linear matrix inequality ( LMI )

· 









Given any matrices ,  and symmetric matrices , , 

- Examples of LMI
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Time-delay
Neural networks

1 . | nt rO d u Ct i O n Markovian-jump process

Linear matrix inequality(LMI)
Motivation

Motivation

= Neural networks system is continuously considered in various fields.

= Time delay frequently occurs due to the finite switching speed of
amplifiers and the communication among neurons in neural networks.

» Problems such as oscillations or destruction cause poor performances
and instability.

= The study of time delay is in the spotlight in various engineering and
medicine fields, and many researchers are interested in the neural

network with time-varying delays.
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2. Preliminaries

Lyapunov-Krasovskii's theorem
= Neural networks system
= Markovian jump process
= Fact and lemmas

= Preview of the systems



2. Preliminaries

Lyapunov-Krasovskii's theorem
Neural networks system
Markovian jump process

Fact and lemmas

Preview of the systems

Laypunov stability

Consider the Lyapunov functional as
V(t)=x" (t)Px(t),P >0,

then,

V(t)>0, forall x(r).

For example, if P=1, then

V() =x> )+, () +...+x,% (1) .
l’\

V() A

X If V(¢)<0 forallte[0,0),
\
\

then lim,_, V()=0.
7N

/7 N\

t—>0

Lyapunov-Krasovskii's theorem

V(t) = xT (O)Px(£)+ V(1) + V5 (1) +..+V, (1)
40)]

where

V(t)=0, Vy(t)=20, .. V,(6)>0.

I}(t) <0 guarantees lim,_ V(t)=0 (V ()= V(t)).

Time

- It has less conservatism. 11/49
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Consider the Lyapunov functional as
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Lyapunov-Krasovskii's theorem
Neural networks system
Markovian jump process

Fact and lemmas

Preview of the systems

Augmented

2. Preliminaries

Lyapunov-Krasovskii's theorem

V() Fx" OPx@O) Vo (1) + V3 () +.. 4V, (1) Lyapunov-Krasovskii's theorem
¥ OPx(1)

40]

— _T — —
where

v
L

40) vy (0)+V5(2)

V)20, Vya(t)=0, ... V,(t)>0.

_-[tt—th(S)dS_ _Lt_hM f(S)ds_

I}(t) <0 guarantees lim, , V(t)=0 V@)=V (1)) . 40!
+.. 4V, (2)

where

. V)20, V,(t)=0, .. V,(t)=0.

1?(;) <0 guarantees lim,_ V(1)=0 (V(t) =V (1)).
V()

Time

- It has less conservatism. 12/49
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Lyapunov-Krasovskii's theorem
Neural networks system

_ : al et
2. Prellmlﬂa res P DI

Preview of the systems

Neural networks system with time-varying delays

Commonly used neural networks system with time-varying delays follows as

3(1) = —Ax(t) + Wy £ (W (1)) + Wlf(sz(t —h(t))), Vi >0,

where

x(t) is the neuron state and f(-) is the activation function.

A is a system matrix, and W,, W;, W, are the interconnection matrices between neurons.
h(t) is a continuous function which means the time-varying delays satisfying
0<h(t)<hy,, h(t)<h,,

where hy is a positive constant and hp is any scalar.

13/49



Neural networks system with time-varying delays

Commonly used neural networks system with time-varying delays follows as



 

where

 is the neuron state and  is the activation function.

 is a system matrix, and  are the interconnection matrices between neurons.

 is a continuous function which means the time-varying delays satisfying





where  is a positive constant and  is any scalar.
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Lyapunov-Krasovskii's theorem
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Preview of the systems

Markovian jump process

From the work [3], let S= {1, 2, ..., N} be an index set. The Markovian process {r(t),t = 0} with values in the
finite set S, describes the switching between the different modes and its evolution is governed by the

following probability transitions :

T M +o(AL), p#g

» _ o .
{’}+At qlr p} {1+7zppAt+0(Af), p=q

o(At . o\ -
where Ar>0 and hmA’_’O(A—t):O' 7, 20 is the transition probability rate from mode p to mode ¢ at

N
time ¢ and 7, =- 7, .

gq=l,
q#p

3] E. K. Boukas, Introduction to functional differential equations, Birkhauser,
Canada, (2006) 6-7.
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Markovian jump process





From the work [3], let be an index set. The Markovian process  with values in the finite set , describes the switching between the different modes and its evolution is governed by the following probability transitions : 



, 















where  and .  is the transition probability rate from mode  to mode  at time  and .
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Lyapunov-Krasovskii's theorem
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Preview of the systems

Fact 2.1 (Schur complement) [1]

Given constant matrices £,, %,, 2, with ¥, =2 and 0<%, =3%,", then 2,+2,2,7'=," <0 i

and only if

Lemma 2.1.1 (Jensen'’s inequality) [37]

For a continuous function {x(s)|se[a, b]}—>R”, if a positive definite matrix N satisfies, the

following integral inequality holds:

ﬁfij (s)Nx(s)ds > (Ijx(s)ds)T N(L[;x(s)ds).

15/49



Fact 2.1 (Schur complement) [1]













Given constant matrices , ,  with  and , then  if and only if
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Lemma 2.1.1 (Jensen’s inequality) [37]





For a continuous function , if a positive definite matrix  satisfies, the following integral inequality holds:
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Lyapunov-Krasovskii's theorem
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Preview of the systems

Lemma 2.1.2 (A generalized free-weighting-matrix inequality) [38]

For a continuous function {x(s)|se[a, b]} — R", a given positive definite matrix Q, any matrices

S and U with appropriate dimensions and the following integral inequality holds:
~J2x" (5)0x(s)ds < Sym{@f Soy + af U, |+ (b—a) o [SQ—IST +§UQ‘1UT)a)O,

2
b—a

where @, is any vector, @ = x(s)ds,and @, =—["x(s)ds+—"["["x(u)duds.

Lemma 2.1.3 (Finsler’s Lemma) [40]

Let £ eR", II=IT" eR™, and M eR™™. The following statements of equivalent follow:
(i) ¢TI <0, VvME=0, £#0,

(if) (ML)T nM* <0,

(i) 3X eR™": TI+Sym{XM}<0.

16/49



Lemma 2.1.2 (A generalized free-weighting-matrix inequality) [38]









For a continuous function , a given positive definite matrix , any matrices  and  with appropriate dimensions and the following integral inequality holds: 











where  is any vector, , and .
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Lemma 2.1.3 (Finsler’s Lemma) [40]







Let , , and . The following statements of equivalent follow: 







(i) , , , 



(ii) ,





(iii) : .
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Lyapunov-Krasovskii's theorem
Neural networks system
Markovian jump process

Fact and lemmas

Preview of the systems

2. Preliminaries

Lemma 2.1.4 [39]

For each ses,let ScR?, =0’ eR™, and M eR™". The following statements of equivalent

follow:

(i) x'TIx<0, YMx=0, £ =0,

(i) (Fu(s)eR) : (s)-u(s)M" (s)M(s)<0,,

(iii) If there exists X (s)e R™™, TI(s)+Sym{X (s)M(s)}<0,

(v) (M*(s)) T1(s)M*(s) <0.

Lemma 2.1.5 [47]

Let V(x(t)) be a differentiable Lyapunov function for system with V(x(O))zO and external inputs

o(t) satisfying o' (t)o(t)< oy, . If there exists scalars @ >0 and B>0 such that

P (x(¢))+ ¥ (x(t))- fo” (1) o(t) <0, then V(x(f))ggw]@.
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Lemma 2.1.4 [39]









For each , let , , and . The following statements of equivalent follow: 







(i) , , , 





(ii)  : , , 





(iii) If there exists , ,



(iv) .
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Lemma 2.1.5 [47]

















Let  be a differentiable Lyapunov function for system with  and external inputs  satisfying . If there exists scalars  and  such that , then .
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Lyapunov-Krasovskii's theorem
Neural networks system

2 . P re | i m i n a ri eS Markovian jump process

Fact and lemmas
Preview of the systems

Preview of the systems

- A generalized neural networks system with time-varying delay

i(6) =—Ax(£)+ W, f (Wox (¢))+ W, f (Wof (¢ =h(2))), Ve >0.

Section 3.1

- Markovian jump neural networks system with time-varying delays

i(t)==A(r)x()+ W, (1) £ (Wx(2))+ W, (lg)f(Wlx(t—h(t)))+Ba)(t), Vi >0,
x(t)=¢(t), te[-h, 0].

Section 3.2
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- A generalized neural networks system with time-varying delay
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- Markovian jump neural networks system with time-varying delays
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3. A study
on neural networks

Stability analysis of generalized neural networks

The estimation of reachable set in Markovian jump neural networks



JA Study Section 3.1 Stability analysis of GNNs

Problem statement

3- on neural networks piain results

Example

Section 3.1 : Stability analysis of GNNs

Generalized neural networks system with time-varying delays
p(t) = —Ax(t) + Wof(Waa(t)) + Wi f(Wax(t — h(t))), V>0,

where z(t) € R™ is the neuron state vector, f(-) € R™ = [f1(-), f2(*), ..., fu(*)]¥ is
the activation function of the neurons. A € R™*" is a positive diagonal matrix,
Wo, W1, and Wy € R™ "™ are the interconnection matrices between neurons.
h(t) is a time-delay satisfying 0 < h(t) < hy and h(t) < hay.

Used methods:
- Lyapunov method
- Linear matrix inequality(LMI) technique
- Lemma 2.1.2 (A generalized free-weighting-matrix inequality)
- Lemma 2.1.3 (Finsler’s lemma), Lemma 2.1.4
- Zero equality

- Augmented zero equality approach

Objective : Stability analysis for the system ( 3.1.2)

20/49



JA\ Study :1* Section 3.1 Stability analysis of GNNs

Problem statement

3- on neural networks °  Main results

Example

Theorem 3.1.1

For given scalars hy; and hp, system (3.1.1) is asymptotically stable for
0 < h(t) < hy and h(t) < hp, if there exist matrices R, G, N € S1*, Q € S$3",
Ay A, €D, PeS™, S, Uy € RIS @, ¢ RIS (4. =1,2), J;, L; € D}
(j =1,2,...,5) satisfying the following LMIs:

(1) (Zhast + Zotnan)) (T4) - (05)" (earS) - (04) " (haelh)

* —hp Q7™ O3n, <0,
" X Bha Qi
(04" (E +Zs) (M) (T (harSz)  (T4) " (harlo)
. ha QA 0s <0,
* N hy Qi
Q1" >0,
519 >0,

where the notations are defined as (3.1.4).
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JA Study Section 3.1 Stability analysis of GNNs
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Lyapunov-Krasovskii candidate functional:

V(t) = Vi+Vo+ Vs34V,
where Ci(t,s) = {x (t), T (t — has), - z7(s) ds/th / u)duds
Vi = (ts)RG (), : : i
/ﬂ 7 (W@x())dsl/‘ fT(Wéx())d“d%
t—has thy Js

t
Vo = / (T (t, 8)N(o(t, s)ds
t—hy

W2 zm(t) Wg,im(t)
—|—2Z)\11/ (fi(s) — k- s)ds—|—51,/ (ks — fi(s))ds
0
Wg,,:c(t hM) Wgﬂ;m(t)
+2 Z )\2,i / (fz(S) — kl_S)dS + 52’1‘ / (kjs — fZ(S))dS
i=1 0 0

t )
Va = / Cg(t,s)G'Cg(t,s)ds
t—h(t)

¢ ¢
Vi = / BT (u)QB(u)duds.
t—hn U )
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Theorem 3.1.2

For given scalars hj; and hp, system (3.1.1) is asymptotically stable for
0 < h(t) < hp and h(t) < hp, if there exist matrices R € S, G, N € ST,
Q€S A, A, €D, PeS, S, U € RI¥WS @, ¢ R (7 = 1,2),
J;, Ly €D (j =1,2,...,5) satisfying the LMIs (3.1.5)-(3.1.8), and (3.1.33).

Proof. If N > 0 satisfies, the lower bound of V(t) > ({(t,s)R¢i(t,s) +

Sl Gt NGt 5)ds
By Lemma 2.1.1, the lower bound of ftt_hM CgT(t, s)N(2(t, s)ds can be easily ob-

tained as

ftt—hM I(t,s)N(o(t, s)ds > ﬁ (ftt—hM Ca(t, s)dS)T N (ftt—hM (a(t, s)d8> (31 33)

Then, the lower bound of V() can be guaranteed to be positive.
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Theorem 3.1.3

For given scalars hy; and hp, system (3.1.1) is asymptotically stable for
0 < h(t) < has and h(t) < hp, if there exist matrices R € S, G, N € sé,
Qe S A, A, €D, PeS", S, U € RIS ( =1,2), J;, L; € DT
(j =1,2,...,5) satisfying the following LMIs:

(Chi) Cint + Zoa) (Thy) (Th) a0 (Thy) (hasl)

_hMchmg Ogn < 07
* —3har Q4"
T T T
<F[%J]> (Ep] + Z6p0]) <F[%J]> <F[%J]> (harSa) (Fﬁ) (hatUs)
_hMqug Ogn < 07
* —3hp Q5"
where
r
Cingy = h(t)ely — g

(har = h(t))ei; —ef
The same notations are used, like Theorems 3.1.1 and 3.1.2.
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Corollary 3.1.3

For given scalars hy; and hp, system (3.1.1) is asymptotically stable for
0 < h(t) < hpy and h(t) < hp, if there exist matrices R c S, G’, N ¢ Si”,
QeS? Ay, A;eD?, P es?, S, Uy e RM¥2n (;=1,2), J; €D, L; € D"
(j =1,2,...,5) satisfying the following LMIs:

(M)

St (M) (W) ($1) (F) (haith)
* _hMQaug Oop <0,
I * * —3hp QY
(M) 20 (th) (M) (%) () ()
« _hMQaug 0y, < 0,
I * * —3hp Q5™ .
Q1" >0,
Q5" >0,

~ 1 =2 -2 2 2 o 2 e
R+ v {63,61 — €9,€4, hpre1 — 63} N

A A A A A A T
€3,€1 — €3, €4, hpreq — 63} > 0,
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Corollary 3.1.3 (Cont.)

For given scalars hy; and hp, system (3.1.1) is asymptotically stable for
0 < h(t) < hps and h(t) < hp, if there exist matrices R c S4n, G, N ¢ Si”,
Q € S%_n, ./A\Z', AZ € ]D)i, PZ esS”, »SA'Z', ﬁz € Rl4nx2n (Z = 1,2), jj € ]D)TL‘_, IA_/j c Di
(j =1,2,...,5) satisfying the following LMIs:

where
T
L) = h(t)élo — é§ :
(har — h(t))éq, —éf

where the notations are defined as (3.1.40).
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Lyapunov-Krasovskii candidate functional:

V(t) = Vi+Vo+Va+ Vi,
where
Vo= (T s RE s, Gits) = |70, [ (5 / - / duds} ,
A t A~ A A
Vo = / (L (t, 8)NCa(t, s)ds
t—ha
n R WQ,Z‘ZL‘(t> . WQ,iw(t)
+2 Z )\171'/ (f@(S) — kz_S) ds + (5172'/ (]43:_8 - fz(S)) d8>
i=1 0 0
n . Wg,ix(t—h]\/[) N Wg,ix(t—hM)
+2 Z )\271' / (fz(s) — kZ_S) ds + 52,¢ / (]{7:_8 - fZ(S)) ds ;
i=1 0 0
(. )

T
Vs = / Cg(t,s)GCg,(t,s)ds
t—h(t)

v = / h BT () w)duds.
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Constructing t Gi(t,s) =
Th 3.1.1 LKF's based [a ft_hM fr (Wax(s)) ds,

the activation function ftt . t T (Waz(u)) dUdSW !
—hay s

V(t) > (i (t,s)RGu(t, )

Th 3.1.2 Positiveness N ftt_hM (T (L, $)NGo (L, 5)ds
Augmented I I ]
Th 3.1.3 zero equality L) = h(t)ely — el
approach | (ha — h(t))ef; —ed
No

Cor 3.1.3 | the activation function

terms
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Example 3.1.2 Let us consider the system (3.1.1) :

i (t) = —dx(6)+ Wy f (Wyx (2)) + W f (Wox (1= (1)), Ve 2 0 (3.1.1)

= 1=

{1.5 0} 0.0503 0.0454}
1 0: 1

0.2381 0.9320
0 07 10.0987 0.2075 '

0.0388 0.5062

1 0] _
M=y | K, =diag{0.3,0.8}, K, =0,.

(1) A comparison of maximum delay bounds in generalized neural networks system

[Theorem 3.1.1 - Theorem 3.1.3]

( I1') A comparison of results according to augmented LKFs, including the activation function terms

[Theorem 3.1.3, Corollary 3.1.3]

29/49



Example 3.1.2 Let us consider the system (3.1.1) : 
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( I ) A comparison of maximum delay bounds in generalized neural networks system

[Theorem 3.1.1 – Theorem 3.1.3]



( II ) A comparison of results according to augmented LKFs, including the activation function terms [Theorem 3.1.3, Corollary 3.1.3]
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3 A study

* on neural networks

Example 3.1.2 (Cont.)

Section 3.1 Stability analysis of GNNs
Problem statement
Main results

Example

(1) A comparison of maximum delay bounds in generalized neural networks system [Theorem 3.1.1

— Theorem 3.1.3]

Table 3.1.2 Maximum bounds of NNTVDs with different h, (Example 3.1.2)

hp 0.40 0.45 0.50 0.55
M.J Park et al. [11] | 17.2697 12.0698 10.2903  9.3879
Z. Feng et al. [24] 18.8262 12.8039 10.6230  9.5038
B. Yang et al. [26] 20.8249 14.0082 11.5834 10.2690
J.A Wang et al. [25] | 21.0344 14.4707 11.9667 10.6439
O.M Kwon et al. [12] | 27.7002 19.5050 16.4611 14.9900
Ours (Theorem 3.1.1) | 17.2194 12.2222 10.5582  9.7551
Ours (Theorem 3.1.2) | 17.5781 12.5651 10.8613 10.0089
Ours (Theorem 3.1.3) | 32.3833 22.5316 19.5912 18.3621
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( I ) A comparison of maximum delay bounds in generalized neural networks system [Theorem 3.1.1 – Theorem 3.1.3]



Table 3.1.2 Maximum bounds of NNTVDs with different  (Example 3.1.2)
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A stu dy Section 3.1 Stability analysis of GNNs

Problem statement

- on neural networks Main results

Example

Example 3.1.2 (Cont.)

(1I1') A comparison of results according to augmented LKFs, including the activation function terms

[Theorem 3.1.3, Corollary 3.1.3]

Table 3.1.2 Maximum bounds of NNTVDs with different h, (Example 3.1.2)

hp 0.40 0.45 0.50 0.59

Ours (Theorem 3.1.3) | 32.3833 22.5316 19.5912 18.3621
Ours (Corollary 3.1.3) | 31.4262 21.2865 17.7803 16.1689
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( II ) A comparison of results according to augmented LKFs, including the activation function terms [Theorem 3.1.3, Corollary 3.1.3]



Table 3.1.2 Maximum bounds of NNTVDs with different  (Example 3.1.2)




Problem statement
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Example

3 JA Study Section 3.1 Stability analysis of GNNs

Example 3.1.2 (Cont.)

0.8}

0.6

0.4

0.2}

x(t)

-0.2F

-04 r

-0.6

-0.8

0 100 200 300 400 500 600 700 800
time[sec]

Figure 3.1.1 : State trajectories of system (3.1.1) with h(t) = 0.3sin?(t) + 32.0833
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Figure 3.1.1 : State trajectories of system (3.1.1) with  


Example 3.1.2 (Cont.)


A stu dy :1* Section 3.2 The estimation of the reachable set
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3- on neural networks " Main results

Example

Section 3.2 : The estimation of the reachable set

Markovian jump neural networks with time-varying delays

E(t) = —A(r)z(t) + Wo(re) f(Wiz(t)) + Wa(re) f(Wiz(t — h(t))) + Bw(t), YVt >0,
x(t) = o¢(t),t €[-h,0]

where z(t) € R" is the neuron state vector, the initial condition ¢(t) is a con-
tinuously differentiable function. The activation function is defined as f(-) €
R™ = [f1(-), f2(), sy fu()]*. h(t) means the time-varying delays satisfying
0 < h(t) < hy and h(t) < hyr. wT(t) € R' means external input with the
form of bounded peak w? (t)w(t) < wyr where wyy is a constant. A(r;) € R**"
is a positive diagonal matrix, Wy(r:), W1, and Wa(ry) € R™*™ are the intercon-

nection matrices between neurons.
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Example

r¢ is a right-continuous Markov chain on the probability space having the
values in a finite-state space N = {1, 2, ..., m} with generator II = {m,,}, which

is represented by

Tpg At + o(At), pPFq

P = = =
{Tt—i—At Q|Tt p} { 1+ prAt + O(At), p=q

where At > 0 and lima;_s0 O(AAtt) = 0. If p # q, mpq > 0 is the transition rate

from mode p at time ¢ to mode ¢ at time ¢t + At, and m,, = — ZZ‘:l’q?ép Tpg-

Used methods:
- Lyapunov method
- Linear matrix inequality(LMI) technique
- Lemma 2.1.2 (A generalized free-weighting-matrix inequality)
- Lemma 2.1.3 (Finsler’s lemma)
- Lemma 2.1.4
- Zero equality
- Augmented zero equality approach

Objective : The estimation of reachable set for the system ( 3.2.1)
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Main results
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Remark 4 In [46], a simple approximation to minimize the volume € of (3.2.7)

was suggested as 6 < P and this is equivalent as follows:

.. - 1
minimize 0 = —

57
, oI 1
subject to ;P > 0, and LMIs (3.2.8) and (3.2.9).

Likewise [47], the optimization toolbox is used to solve the optimization value
of a by fminsearch.m. The obtained results can be used to confirm the ellipsoid

in the following numerical examples.

[46] E. Fridman, U. Shaked, On reachable sets for linear systems with delay and

bounded peak inputs, Automatica 39 (2003) 2005-2010.
[47] J.H. Kim, Improved ellipsoidal bound of reachable sets for time-delayed

linear systems with disturbances, Automatica 44 (2008) 2940-2943.
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Section 3.2 The estimation of the reachable set
Problem statement
Example

Definition 1. For V¢ > 0, the reachable set of system (3.2.1) is denoted as
follows:
R, =

{z(t)|z(t) and w(t) satisfy (1) with (2) and (3)}

(1)
and an ellipsoid used to bound the reachable set of Markovian jump NNTVDs
(3.2.1) is given in the form of

e(P)={¢[¢"PE<1,6 €R", P >0}.

1.5
Reachable states of MUNNs
r(t)=1
1tk r(t)=2
05+ yd .
/ \\
/ \
= { )
< or \ ’ ‘
.\\
-05F S //
1
-1 5 1 L 1 1
-1.5 -1 -0.5 0 0.5

1.5
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3 A stu dy :1* Section 3.2 The estimation of the reachable set

Theorem 3.2.1

For given scalars hjy; and p, system (3.2.1) is asymptotically stable for 0 <
h(t) < hjp and h(t) < p, if there exist scalar o > 0, matrices U, € S},
P, R, Q1 € S, Qs € 2", Ay, A; €D, P, € S", S;, N; € RUIM=Dx3n,
U, € R(9n=0 (5= 1,2), H;, F; €D? (j =1,2,...,6) satisfying the following
LMIs:

(97 (=5, Bewely) (T1) ()7 (harst) (097 (has V)

* —hp €™ Ry O3, < 0,
I * * —ShMeo‘hMRaugl ]
()" (5 - Beroely) (1) (0T (heSe) (Y (harV) |
* —hpyeftm Roug2 03y, <0,
* * —3h ehm Rougo
) Roug1 = 0, )
Roug2 > 0,

where the notations are defined as (3.2.7).
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The notations of Theorems 3.2.1 - 3.2.2 are as follows

) = [xT(t), el (t = h(t),zT (t — har), 27 (), 27 (t — hag), % /t—h(t) zT (s)ds,

1 t—h(t)
m/t h xT(S)dS?fT(Wlx(t))7fT(W1x(t_ h(t))’

fr (Whx(t — har)) / / u)duds,
t—h(t

t—h(t) pt— h(t) 1 t t
R h /t / u)duds, (t)/t h(t)/s [ (Whiz(u)) duds,
t— h(t) - h(t)
T hD h /t / T (Whz(u)) duds,
®) g

/t—h(t) He)ds /t—h: z" (s)ds, WT(t)] :

T

m(t) = xT(t),:JcT(t—hM),/tithT(s)ds] ,

ma(s) = [¢7(s),&"(s), [T (Waa(s))]"

Y
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Lyapunov-Krasovskii candidate functionals:

4
V(xg,m) = Vi(xgy,m)+ Z Vi (x¢),
i=2
where
Vi(zr,m) = @' ()Una(t) +m7 (1) Pmu(t),
t
Vo(xy) = /_h e~ (5)Q1n2(s)ds
. W1,iz(t)
—at Z/ i (fi(s) = Ky s) + 61 (ks — fi(5))] ds
Wi, ixz(t—ha)
—at Z/ )\22' (fz(S) — ]{IZ_S) + (5271' (]{Z;I_S — fz(s))] dS,
4 N

T
o) = ' z(s) z(s) .
V3 () /t_h(t) [ £ (Wya(s)) ] Q2 { F (Wha(s)) ] ds,

t t
Vi(ze) = / / e =T () R (u)duds.
t—hpyr Vs )
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Lyapunov-Krasovskii's theorem
Neural networks system

2 . P re | i m i n a ri eS Markovian jump process

Fact and lemmas
Preview of the systems

/Lemma 2.1.5 [47] \

Let V(x(t)) be a differentiable Lyapunov function for system with V(x(O))zO and external inputs

o(t) satisfying o' (t)o(t)< oy, . If there exists scalars @ >0 and B>0 such that

P (x(t))+ ¥ (x(1)) - pa’ (1)o(1) <0, then ¥ (x())< 2

- i J

where
Vi(ze,m) = &t ()Una(t) +ni () Pru(t),
¢
Va(zy) = / 70T (5)Quma(s)ds
t—har
W1 ac(t)
atZ/ i (Fi(s) — ki s) + 00s (ks — fi(s))] ds
W17 .’B(t hM)
23 / e (fils) = k7°s) + 00, (Kfs — fi(s))] ds.
=170
4 )

T o) | o) ]
s () /tha)[f(Wlx( >>] QQ[f(Wla:(s))]d’

Vi(zy) = / / =T (1) R (u) duds.
t—hny Js

J 40/49




Lemma 2.1.5 [47]

















Let  be a differentiable Lyapunov function for system with  and external inputs  satisfying . If there exists scalars  and  such that , then .
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Problem statement

3- on neural networks B results

Example

Theorem 3.2.2

For given scalars hj; and p, system (3.2.1) is asymptotically stable for 0 <
h(t) < har and h(t) < p, if there exist scalar o > 0, matrices U,, € ST,
P, R Q1 €S2, Qs € S™ Ay, A; €D, P, €8S, S, N; € RUIn=Dx3n
H;, F; € DY (j = 1,2,...,6) satisfying (3.2.10), (3.2.11), and the following

LMIs:
T T T
(F#L[h]> (Ef’ﬁm B 56196{9) (F#L[h]) (an[h]) (harS1) (F#,[h]) (harN1)
_hMeahM Raugl O3n <0,
* —3hM€ahM Raugl
T T T
(Tim) (Zt — Beroeds) (i) (Tey) (harS2) (Thygy) (haeNa)
—hMeahM Raugz Ogn < 0’
* —3hare®™M Ryugo
r
subject to I'yppn(e)) = h(t)el —eT,

(har — h(t))e7 — ey

The same notations are used, like Theorem 3.2.1.
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Example

Example 3.2.1 Let us consider the system (3.2.1):

i) = —Ar)z(t) + Wolr) f(Waz() + Walre) f(Wha(t — h(t))) + Bw(t), ¥t>0 (3.2.1)
[ 9 2.2 04
A = : , Ay = 0 , Bi =By = 0.0403 ,
0 3.5 0 1.8 0.6771
[ 1 05 11
Wy = W = Wy =D,
o 0.5 —1] . [0.5 —1] b
[ 05 05 —0.5 0.6
W- = , Woo = ,
2 0.5 0.5] 22 [ 0.7 0.8]
K, = diag{0.4,0.8}, K, =0,.
—0.2 2
The transition probabilities matrix is given by II = T m2 0 0 .
21 T22 0.8 —0.8

The external input of MJNNs (3.2.1) is assumed to satisfy (3.2.3) with wys = 1.

(I) A comparison of allowable smaller bounds in Markovian jump
neural networks system [Theorem 3.2.1 — Theorem 3.2.2]

( IT ) The figures about the ellipsoid areas of the reachable set
states (Example 3.2.1)
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Example 3.2.1 (Cont.)

(I) A comparison of allowable smaller bounds in Markovian jump
neural networks system [Theorem 3.2.1 — Theorem 3.2.2]

Table 1: Allowable smaller bounds ¢ for various p and hy; = 2 (Example 3.2.1).

0 0.2 0.4 0.6 0.8
6821 . 1.2302 2.2204

W.J. Lin et al. [44] 068 0.8578 5 0

(v =0.44) (v =0.39) (v =10.31) (v =0.22)
0.5158 0.5965 0.7221 0.8412
Ours (Theorem 3.2.1)
(@ =0.4124) (a=0.3817) (a=0.3526) (a=0.3252)

0.4698 0.5031 0.5301 0.5469

Ours (Theorem 3.2.2)

(@ =0.4462) (o =0.4550) (o =0.4624) (a = 0.4594)

32% | 42% | 57% | 715% |
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Example 3.2.1 (Cont.)

(I) A comparison of allowable smaller bounds in Markovian jump
neural networks system [Theorem 3.2.1 — Theorem 3.2.2]

Table 1: Allowable smaller bounds ¢ for various p and hy; = 3 (Example 3.2.1).

0 0.2 0.4 0.6 0.8

944 1.24 1.9351 .091
W.J. Lin et al. [44] 0-9443 o0 935 50915

(@=1030) (a=026) (a=021) (a=0.12)

74 9034 1.21 1.9624

Ours (Theorem 3.2.1) 0.7480 0-903 ™ %6

(=0.2807) (a=02516) (a=02156) (a=0.1698)

0.7018 0.7939 0.9274 1.1454

Ours (Theorem 3.2.2)

(@ =0.2998) (o=0.2875) (a=0.2702) (o= 0.2437)

26% | 36% | 52% | 718% |
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Example 3.2.1 (Cont.)
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Figure 3.2.1 : Random jumping mode r(t) of system (3.2.1) (Example 3.2.1)
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Figure 3.2.1 : Random jumping mode  of system (3.2.1) (Example 3.2.1)
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states (Example 3.2.1)
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Figure 3.2.2 : Reachable states of system (3.2.1) (Example 3.2.1)
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Figure 3.2.2 : Reachable states of system (3.2.1) (Example 3.2.1)


4. Conclusion



4. Conclusions

Stability analysis and the estimation of the reachable set for delayed neural networks

systems based on Lyapunov methods, theorems and corollaries in terms of LMls.

® A newly augmented Lyapunov-Krasovskii functional candidates are presented.
® Following systems are utilized.
» Generalized neural networks system
- Time-varying delay
- Stability analysis
« Markovian jump neural networks system
- Time-varying delay
- The estimation of the reachable set
- Markovian jump process

® Numerical examples are included to show the effectiveness of proposed methods.
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Thank you for your attention.



	A Study on Stability Analysis and�The Estimation of The Reachable Set for Various Neural Networks Systems
	슬라이드 번호 2
	슬라이드 번호 3
	슬라이드 번호 4
	슬라이드 번호 5
	슬라이드 번호 6
	슬라이드 번호 7
	슬라이드 번호 8
	슬라이드 번호 9
	슬라이드 번호 10
	슬라이드 번호 11
	슬라이드 번호 12
	슬라이드 번호 13
	슬라이드 번호 14
	슬라이드 번호 15
	슬라이드 번호 16
	슬라이드 번호 17
	슬라이드 번호 18
	슬라이드 번호 19
	슬라이드 번호 20
	슬라이드 번호 21
	슬라이드 번호 22
	슬라이드 번호 23
	슬라이드 번호 24
	슬라이드 번호 25
	슬라이드 번호 26
	슬라이드 번호 27
	슬라이드 번호 28
	슬라이드 번호 29
	슬라이드 번호 30
	슬라이드 번호 31
	슬라이드 번호 32
	슬라이드 번호 33
	슬라이드 번호 34
	슬라이드 번호 35
	슬라이드 번호 36
	슬라이드 번호 37
	슬라이드 번호 38
	슬라이드 번호 39
	슬라이드 번호 40
	슬라이드 번호 41
	슬라이드 번호 42
	슬라이드 번호 43
	슬라이드 번호 44
	슬라이드 번호 45
	슬라이드 번호 46
	슬라이드 번호 47
	슬라이드 번호 48
	슬라이드 번호 49

