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Time-delay

 The cause of instability and poor performance.

 Communication, Sensing and electronic systems and so on.

1. Introduction
 Time-delay
 Neural networks
 Markovian jump process
 Linear matrix inequality(LMI)
 Motivation 

Examples of time-delay
(http://transsensorsrobots.epri.com/communication-technologies.html) 4/49



What is neural networks?

Neural networks system consists of 
several layers such as input, hidden, 
and output.

Each layer creates connections  
about some information.

These connections of layers are 
called the activation functions.
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 Time-delay
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 Markovian jump process
 Linear matrix inequality(LMI)
 Motivation 
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How is the activation function structured?

𝑥𝑥1 … 𝑥𝑥𝑛𝑛 denote the neuron state and they have each weights.

These information of the neurons summarizes a function called by the 
activation function.

1. Introduction
 Time-delay
 Neural networks
 Markovian jump process
 Linear matrix inequality(LMI)
 Motivation 
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Markovian jump process

1. Introduction
 Time-delay
 Neural networks
 Markovian jump process
 Linear matrix inequality(LMI)
 Motivation 

-The properties of nonlinear system

-Various natural phenomena

State diagram

A

B

𝜋𝜋11

𝜋𝜋12

𝜋𝜋21

𝜋𝜋22

{ }

11 12

21 22

The transition matrix is

with
1, 2 .

P
π π
π π
 

=  
 

=S

-Random change for a system
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Linear matrix inequality ( LMI ) 

 Given any matrices A , B  and symmetric matrices P , Q , R  

- Examples of LMI 

   0TA P PA+ < , 

0
T

T

A A B

B

P P Q

Q R

 +
< 

−  
. 

LMI can be easily solved by using Matlab LMI toolbox.

1. Introduction
 Time-delay
 Neural networks
 Markovian-jump process
 Linear matrix inequality(LMI)
 Motivation 
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Linear matrix inequality ( LMI )

· 









Given any matrices ,  and symmetric matrices , , 

- Examples of LMI



			,



.

oleObject2.bin



image3.wmf

P




oleObject3.bin



image4.wmf

Q




oleObject4.bin



image5.wmf

R




oleObject5.bin



image6.wmf

0


T


A


PP


A


+<




oleObject6.bin



image7.wmf

0


T


T


AAB


B


PPQ


QR


éù


+


<


êú


-


êú


ëû




oleObject7.bin



image1.wmf

A




oleObject1.bin



image2.wmf

B






Motivation

 Neural networks system is continuously considered in various fields.

 Time delay frequently occurs due to the finite switching speed of 

amplifiers and the communication among neurons in neural networks.

 Problems such as oscillations or destruction cause poor performances 

and instability.

 The study of time delay is in the spotlight in various engineering and 

medicine fields, and many researchers are interested in the neural 

network with time-varying delays.

1. Introduction
 Time-delay
 Neural networks
 Markovian-jump process
 Linear matrix inequality(LMI)
 Motivation 
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2. Preliminaries

 Lyapunov-Krasovskii’s theorem

 Neural networks system

 Markovian jump process

 Fact and lemmas 

 Preview of the systems
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Laypunov stability 

Consider the Lyapunov functional as 

( ) ( ) ( ), 0TV t x t Px t P= > , 

then, 

( ) 0,V t ≥  for all ( )x t . 

For example, if P I= , then 

2 2 2
1 2( ) ( ) ( ) ... ( )nV t x t x t x t= + + + . 

If ( ) 0 for all t [0, )V t < ∈ ∞ , 

then lim ( ) 0t V t→∞ = . 

Time

( )V t

2. Preliminaries
 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems

 Lyapunov-Krasovskii’s theorem 

(
2 3

)

ˆ ( ) ( ) ... (( ) ( ) ( ))T

V t
nV tV t x t tx VP t t V= + + + +



 

where 

( ) 0V t ≥ , 2 ( ) 0V t ≥ , … ( ) 0nV t ≥ . 

ˆ( ) 0V t <


 guarantees ˆlim ( ) 0 ( ( ) ( ))t V t V t V t→∞ = ≥ . 

- It has less conservatism.

( )V t

ˆ( )V t

Time
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Laypunov stability

Consider the Lyapunov functional as
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then,
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2. Preliminaries
 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems

 Lyapunov-Krasovskii’s theorem 

(
2 3

)

ˆ ( ) ( ) ... (( ) ( ) ( ))T

V t
nV tV t x t tx VP t t V= + + + +



 

where 

( ) 0V t ≥ , 2 ( ) 0V t ≥ , … ( ) 0nV t ≥ . 

ˆ( ) 0V t <


 guarantees ˆlim ( ) 0 ( ( ) ( ))t V t V t V t→∞ = ≥ . 

- It has less conservatism.

( )V t

ˆ( )V t

Time

Augmented 

Lyapunov-Krasovskii’s theorem 

( )
( )

( )

( )
( )

( )
( )

2 3

)

ˆ

.

( ) ( ) ( )

.. (

M M

V

n

T

t t
t h t h

t

x t x t
x t x t

V t P

f s ds f

V

s ds

V t t

V t

− −

   
   
   

= +   
   
   
  

+

+ +

∫ ∫

 

 



where 

( ) 0V t ≥ , 2 ( ) 0V t ≥ , … ( ) 0nV t ≥ . 

ˆ( ) 0V t <


 guarantees ˆlim ( ) 0 ( ( ) ( ))t V t V t V t→∞ = ≥ . 
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Neural networks system with time-varying delays 

Commonly used neural networks system with time-varying delays follows as 

( )( ) ( )( )( )0 2 1 2( ) ( ) , 0,x t Ax t W f W x t W f W x t h t t= − + + − ∀ >   

where 

𝑥𝑥(𝑡𝑡) is the neuron state and 𝑓𝑓(∙) is the activation function. 

𝐴𝐴 is a system matrix, and 𝑊𝑊0,𝑊𝑊1,𝑊𝑊2 are the interconnection matrices between neurons. 

ℎ(𝑡𝑡) is a continuous function which means the time-varying delays satisfying 

( ) ( )0 , ,M Dh t h h t h≤ ≤ ≤  

where ℎ𝑀𝑀 is a positive constant and ℎ𝐷𝐷 is any scalar. 

2. Preliminaries
 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems
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Neural networks system with time-varying delays

Commonly used neural networks system with time-varying delays follows as



 

where

 is the neuron state and  is the activation function.

 is a system matrix, and  are the interconnection matrices between neurons.

 is a continuous function which means the time-varying delays satisfying





where  is a positive constant and  is any scalar.

image1.wmf

(


)


(


)


(


)


(


)


(


)


0212


()(),0,


xtAxtWfWxtWfWxthtt


=-++-">


&




oleObject1.bin



image2.wmf

(


)


(


)


0,,


MD


hthhth


£££


&




oleObject2.bin





Markovian jump process 

From the work [3], let { }1, 2, ..., N= be an index set. The Markovian process {𝑟𝑟(𝑡𝑡), 𝑡𝑡 ≥ 0} with values in the 

finite set  , describes the switching between the different modes and its evolution is governed by the 

following probability transitions :  

{ }
( )
( )

,
|

1 ,
pq

t t t
pp

t o t p q
P r q r p

t o t p q

π

π+∆

 ∆ + ∆ ≠= = = 
+ ∆ + ∆ =

,  

where 0t∆ >  and 
( )

0lim 0t
o t

t∆ →
∆

=
∆

. 0pqπ ≥  is the transition probability rate from mode p  to mode q  at 

time t  and 
1,

N

pp pq
q
q p

π π
=
≠

= − ∑ . 

2. Preliminaries
 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems

14/49


Markovian jump process





From the work [3], let be an index set. The Markovian process  with values in the finite set , describes the switching between the different modes and its evolution is governed by the following probability transitions : 



, 















where  and .  is the transition probability rate from mode  to mode  at time  and .
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Fact 2.1 (Schur complement) [1] 

Given constant matrices 1Σ , 2Σ , 3Σ  with 1 1
TΣ = Σ  and 2 20 T< Σ = Σ , then 1

1 3 2 3 0T−Σ + Σ Σ Σ <  if 

and only if 

1 3

3 2
0

T Σ Σ
< 

Σ −Σ  
 or 

2 3

3 1
0T

−Σ Σ 
< 

Σ Σ  
. 

2. Preliminaries

Lemma 2.1.1 (Jensen’s inequality) [37] 

For a continuous function ( ) [ ]{ }| , nx s s a b∈ →  , if a positive definite matrix N  satisfies, the 

following integral inequality holds: 

( )( ) ( )( )1 ( ) ( ) .
Tb b bT

a a ax s Nx s ds x s ds N x s ds
b a

≥
− ∫ ∫ ∫  

 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems
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Fact 2.1 (Schur complement) [1]













Given constant matrices , ,  with  and , then  if and only if
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Lemma 2.1.1 (Jensen’s inequality) [37]





For a continuous function , if a positive definite matrix  satisfies, the following integral inequality holds:
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2. Preliminaries
Lemma 2.1.2 (A generalized free-weighting-matrix inequality) [38] 

For a continuous function ( ) [ ]{ }| , nx s s a b∈ →  , a given positive definite matrix Q , any matrices 

S  and U  with appropriate dimensions and the following integral inequality holds:  

( ) ( ) { } ( ) 1 1
0 1 0 2 0 0

1 ,
3

b T T T T T T
a x s Qx s ds Sym S U b a SQ S UQ Uω ω ω ω ω ω− − − ≤ + + − + 

 
∫  

where 0ω  is any vector, ( )1
b
a x s dsω = ∫ , and ( ) ( )2

2b b b
a a sx s ds x u duds

b a
ω = − +

−∫ ∫ ∫ . 

Lemma 2.1.3 (Finsler’s Lemma) [40] 

Let nζ ∈ , T n n×Π = Π ∈ , and n mM ×∈ . The following statements of equivalent follow:  

(i) 0Tζ ζΠ < , 0Mζ∀ = , 0ζ ≠ ,  

(ii) ( ) 0
T

M M⊥ ⊥Π < , 

(iii) m nX ×∃ ∈ : { } 0Sym XMΠ + < . 

 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems
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Lemma 2.1.2 (A generalized free-weighting-matrix inequality) [38]









For a continuous function , a given positive definite matrix , any matrices  and  with appropriate dimensions and the following integral inequality holds: 











where  is any vector, , and .

image3.wmf

S




oleObject3.bin



image4.wmf

U




oleObject4.bin



image5.wmf

(


)


(


)


{


}


(


)


11


010200


1


,


3


b


TTTTTT


a


xsQxsdsSymSUbaSQSUQU


wwwwww


--


æö


-£++-+


ç÷


èø


ò




oleObject5.bin



image6.wmf

0


w




oleObject6.bin



image7.wmf

(


)


1


b


a


xsds


w


=


ò




oleObject7.bin



image8.wmf

(


)


(


)


2


2


bbb


aas


xsdsxududs


ba


w


=-+


-


òòò




oleObject8.bin



image1.wmf

(


)


[


]


{


}


|,


n


xssab


Î®


¡




oleObject1.bin



image2.wmf

Q




oleObject2.bin




Lemma 2.1.3 (Finsler’s Lemma) [40]







Let , , and . The following statements of equivalent follow: 







(i) , , , 



(ii) ,





(iii) : .
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2. Preliminaries
Lemma 2.1.4 [39] 

For each s S∈ , let dS ⊆  , T n n×Π = Π ∈ , and m nM ×∈ . The following statements of equivalent 

follow:  

(i) 0Tx xΠ < , 0Mx∀ = , 0ζ ≠ ,  

(ii) ( )( )sµ∃ ∈  : ( ) ( ) ( ) ( ) 0Ts s M s M sµΠ − < , ,  

(iii) If there exists ( ) n mX s ×∈ , ( ) ( ) ( ){ } 0s Sym X s M sΠ + < , 

(iv) ( )( ) ( ) ( ) 0
T

M s s M s⊥ ⊥Π < . 

 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems

Lemma 2.1.5 [47] 

Let ( )( )V x t  be a differentiable Lyapunov function for system with ( )( )0 0V x =  and external inputs 

( )tω  satisfying ( ) ( ) 2T
Mt tω ω ω≤ . If there exists scalars 0α >  and 0β >  such that 

( )( ) ( )( ) ( ) ( ) 0TV x t V x t t tα βω ω+ − ≤ , then ( )( ) 2
MV x t β ω

α
≤ . 

17/49


Lemma 2.1.4 [39]









For each , let , , and . The following statements of equivalent follow: 







(i) , , , 





(ii)  : , , 





(iii) If there exists , ,
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Lemma 2.1.5 [47]

















Let  be a differentiable Lyapunov function for system with  and external inputs  satisfying . If there exists scalars  and  such that , then .
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- A generalized neural networks system with time-varying delay 

( ) ( ) ( )( ) ( )( )( )0 2 1 2 , 0.x t Ax t W f W x t W f W f t h t t= − + + − ∀ >  Section 3.1

- Markovian jump neural networks system with time-varying delays 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )( ) ( )
( ) ( ) [ ]

0 1 2 1 , 0,

, , 0 .
t t tx t A r x t W r f W x t W r f W x t h t B t t

x t t t h

ω

φ

= − + + − + ∀ >

= ∈ −



 

Section 3.2

2. Preliminaries
 Lyapunov-Krasovskii’s theorem
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 Markovian jump process
 Fact and lemmas
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Preview of the systems
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- A generalized neural networks system with time-varying delay
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3. A study 
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 Stability analysis of generalized neural networks

 The estimation of reachable set in Markovian jump neural networks
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 Main results
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Section 3.1 : Stability analysis of GNNs
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Example 3.1.2 Let us consider the system (3.1.1) :  

( ) ( ) ( )( ) ( )( )( ) ( )0 2 1 2 , 0 3.1.1x t Ax t W f W x t W f W x t h t t= − + + − ∀ ≥  

1.5 0
0 0.7

A
 

=  
 

, 0
0.0503 0.0454
0.0987 0.2075

W
 

=  
 

, 1
0.2381 0.9320
0.0388 0.5062

W
 

=  
 

, 

2
1 0
0 1

W
 

=  
 

, { }0.3, 0.8pK diag= , 20mK = . 

( I ) A comparison of maximum delay bounds in generalized neural networks system 

[Theorem 3.1.1 – Theorem 3.1.3] 

 

( II ) A comparison of results according to augmented LKFs, including the activation function terms 

[Theorem 3.1.3, Corollary 3.1.3] 
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3. 
Example 3.1.2 (Cont.) 

( I ) A comparison of maximum delay bounds in generalized neural networks system [Theorem 3.1.1 

– Theorem 3.1.3] 

 

Table 3.1.2 Maximum bounds of NNTVDs with different 𝒉𝒉𝑫𝑫 (Example 3.1.2) 
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( I ) A comparison of maximum delay bounds in generalized neural networks system [Theorem 3.1.1 – Theorem 3.1.3]
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Example 3.1.2 (Cont.)

( II ) A comparison of results according to augmented LKFs, including the activation function terms [Theorem 3.1.3, Corollary 3.1.3]



Table 3.1.2 Maximum bounds of NNTVDs with different  (Example 3.1.2)





3. 

Figure 3.1.1 : State trajectories of system (3.1.1) with 𝒉𝒉(𝒕𝒕) = 𝟎𝟎.𝟑𝟑𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐(𝒕𝒕) + 𝟑𝟑𝟑𝟑.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎  
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Figure 3.1.1 : State trajectories of system (3.1.1) with  


Example 3.1.2 (Cont.)



3. 
 Section 3.2 The estimation of the reachable set
 Problem statement
 Main results
 Example

A study
on neural networks

Section 3.2 : The estimation of the reachable set

33/49
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 Problem statement
 Main results
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Objective : The estimation of reachable set for the system ( 3.2.1 )
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2. Preliminaries
 Lyapunov-Krasovskii’s theorem
 Neural networks system
 Markovian jump process
 Fact and lemmas
 Preview of the systems

Lemma 2.1.5 [47] 

Let ( )( )V x t  be a differentiable Lyapunov function for system with ( )( )0 0V x =  and external inputs 

( )tω  satisfying ( ) ( ) 2T
Mt tω ω ω≤ . If there exists scalars 0α >  and 0β >  such that 

( )( ) ( )( ) ( ) ( ) 0TV x t V x t t tα βω ω+ − ≤ , then ( )( ) 2
MV x t β ω

α
≤ . 
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Lemma 2.1.5 [47]
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Figure 3.2.1 : Random jumping mode  of system (3.2.1) (Example 3.2.1)
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Figure 3.2.2 : Reachable states of system (3.2.1) (Example 3.2.1)
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4. Conclusions

Stability analysis and the estimation of the reachable set for delayed neural networks 

systems based on Lyapunov methods, theorems and corollaries in terms of LMIs.

 A newly augmented Lyapunov-Krasovskii functional candidates are presented.

 Following systems are utilized.

• Generalized neural networks system

- Time-varying delay

- Stability analysis

• Markovian jump neural networks system

- Time-varying delay 

- The estimation of the reachable set

- Markovian jump process

 Numerical examples are included to show the effectiveness of proposed methods.
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Thank you for your attention.
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