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Abstract

In this thesis, the problem of stability analysis is dealt with in a generalized
neural networks system, and the estimation of the reachable set is applied in Marko-
vian jump neural networks systems with time-varying delays. The stability analysis
is suggested through the linear matrix inequalities. Based on a concept of stability
analysis, the optimized solution of the reachable set is proposed. By constructing
improved augmented Lyapunov-Krasovskii functionals and utilizing well-known lem-
mas to verify maximum delay bounds and minimum reachable sets in neural networks
systems, the proposed method results are derived. The numerical examples show the

effectiveness and superiority of the proposed methods.

Keywords: Neural networks systems, Reachable set, Time-varying delay, Stabil-
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I. Introduction

1.1 Motivation

For recent two decades, neural networks have attracted many attentions for sta-
bility analysis with time-varying delays in science and engineering fields such as
pattern recognition, secure communication, image processing, associative memories,
etc [4]. It is well known that the development of NNTVDs influences dynamic sys-
tems. Therefore, the study of neural networks is an influential part that can be used
in various fields. For detail, many researchers illustrate the importance of neural
networks [5],[6].

Time-delay frequently occurs due to the finite switching speed of amplifiers and
the communication among neurons in neural networks. It can give poor performances
or instability such as oscillations or destruction for a system [7]. Therefore, there is
a need to solve these problems, and the study on NNTVDs has occupied one of the
critical areas. Recently, several researches have been actively strived to derive the
enhanced delay-dependent stability conditions for a time-delay system since they
can lead to less conservative results than the delay-independent ones [5], [8], [9].

In the time-delay system, it is usually practical to obtain stability conditions
that utilize Lyapunov stability theory. This crucial method uses to tractable LMIs.
LMIs technique helps the stability condition to check easily by solving a certain
convex optimization problem. To get the improved effect, the following three items
are typically required in Lyapunov theory. One is constructing the proper LKFs.
Another is devising an integral inequality that provides lower bounds for integral
terms. The other is utilizing some mathematical techniques to improve the stability

results.



Firstly, it is well known that constructing the proper LKFs is a critical and
very important job to enlarge the maximum delay bounds. Significantly, augmented
LKFs can derive less conservative results by providing various cross-terms of the
augmented vectors. Through the newly proposed augmented LKF's, including time-
varying delay, the advantages of enhanced stability results for NNTVDs have been
represented in [10]. Until recently, the augmented LKFs usually have been used
in a variety of systems such as neural networks [11], [12], T-S fuzzy systems [13],
sampled-data control systems [14], and so on.

Secondly, the integral inequality converts the quadratic form to LMIs and more
rigorously estimates the derivative of the LKF for yielding less conservative results.
Before two decades, Jensen’s inequality has utilized a tighter estimating method in
the works [15],[16],[17]. After that, Wirtinger-based inequality(WBI), which shows
improved results than Jensen’s inequality, was proposed in [18]. This technique has
been widely used in various fields, and the stability analysis for NNTVDs has also
been used [12],[19],[20]. After the WBI, many recent researches, such as generalized
integral inequality, auxiliary function-based inequality, free-matrix-based inequality,
and so on, have been introduced in [21],[22],[23],[24],[25]. Very recently, the general-
ized free-weighting-matrix inequality has been a main key to expand less conservative
regions for NNTVDs [11],[26].

Finally, the following mathematical techniques derive more influential stability
conditions. A zero equality [27] has been extensively utilized in many works [16], [28],
[29]. The reciprocally convex approach is another mathematical technique that gets
noticeable attention [30]. This technique can get a lower bound of integral terms and
be critical to derive less conservative conditions. Since then, several improved meth-
ods have been introduced in NNTVDs [28],31],[32]. The generalized zero equality
approach [33] utilizes the relationship between the integral terms and their integra-
tion by parts. Using zero equality can lead to the improved results [11] and [34]. But,

this technique has a disadvantage: it has many free variables that are proportional



to the size of the augmented vector. Very recently, the augmented zero equality ap-
proach(AZEA) was proposed to eliminate free variables of the zero equalities and to
obtain less conservative results [35]. Previous studies on NNTVDs have many free
variables since they used zero equalities created using the relationship of augmented
vectors. By utilizing the AZEA, the number of free variables is reduced and less
conservative results are obtained.

With motivations mentioned in above discussions, this paper investigated the
problem of stability analysis in generalized neural networks and the estimation of
the reachable set in Markovian jump neural networks. In Theorem 3.1.1-3.1.3, a
stability analysis method with better results is suggested based on previous studies
in NNTVDs. By constructing expended augmented LKFs and utilizing some lem-
mas, the LMIs conditions are derived. Comparison with the results of Corollary
3.1.3 also demonstrates the superiority and novelty of the LKFs proposed in section
3.1. Based on the principles of section 3.1, the estimation method of the reachable
set is proposed in section 3.2. It aims to minimize the area of the reachable set
while optimizing specific parameter values in Markovian jump NNVTDs. Via vari-
ous numerical examples, the superiority, effectiveness and necessity of the proposed
methods are explained.

Table 1.1.1 shows the considered systems in this thesis.

Table 1.1.1: Considered systems in this thesis.

Chapter Systems page

3.1 @(t) = —Ax(t) + Wof (Waz(t)) + Wi f(Wax(t — h(t))) | 11
3.2 i(t) = —A(re)z(t) + Wo(re) f(Whz(t))
+Wa(re) f(Whz(t — h(t))) + B(riw(t) 33




II. Preliminaries

In this section, useful lemmas are introduced to understand the proof of the main
results. The following basic concepts need to explain each neural networks systems
in this thesis. Based on Lyapunov-Krasovskii’s theorem, they can be applied to given

systems.

2.1 Mathematical Preliminaries

Let us introduce a well-known fact and the lemmas for proof.

Fact 2.1.1 (Schur Complement) [1] Given constant matrices X1, Yo, X3 with 31 =
YT <0 and X =21 >0, then X1 + XI551%3 < 0 if and only if

o nf 2%

<0 or
*:—22 * 221

Lemma 2.1.1 (Jensen’s inequality) [37] For a continuous function {x(s)|s € [a,b]} —

R"™, if a positive definite matriz N satisfies, the following integral inequality holds:

2 i - /ab 2 (s)Nz(s)ds > </aba:(s)ds>TN </aba;(s)ds> . (2.1.1)

Lemma 2.1.2 (A generalized free-weighting-matrix inequality) [38] For a continu-

ous function {z(s)|s € [a, b]} — R™, a given positive definite matriz Q, any matrices

S and U with appropriate dimensions and the following integral inequality holds:
b
—/ 21 (s)Qx(s)ds < Sym {wgSwl + ngwg}
1
+(b - a)wd (SQ—lsT + gUQ—lUT> wo, (2.1.2)

where wq is any vector, wy = f;aj(s)ds, and wy = — f;a:(s)ds + 2 f: fsbx(u)duds.



Lemma 2.1.3 (Finsler’s lemma) [40] Let ¢ € R™, Il € S", and M € R"*"™. The

statements of equivalent follow:

(i) ¢"II¢ <0, VM =0, ¢ #0,
(i) (MH)TIIM* <0,

(i14) 3X € R™ " : I+ Sym{X M} < 0.

Lemma 2.1.4 [39] For each s € S, let SC R4 11: S — S", and M : S — R™*",
The statements of equivalent follow:

(i) 2TTI(s)z < 0, VMax =0, = # 0,

(i7) (3u(s) € R) - TL(s) — pu(s)M T (s)M(s) <O,

(iii) If there exists X (s) € R™™ TI(s) + X (s)M(s) + MT(s)XT(s) <0,

(i) (M*(s))" TI(s)M*(s) < 0.

Remark 1 Finsler’s lemma [40] has been frequently utilized in previous researches.
In [39], it is extended to the parameter-dependent systems for dealing with uncertain
systems and contains proof of the extended Finsler’s lemma 2.1.3. Lemma 2.1.4 is

used to derive the inequality and understand the AZEA in the Theorems of this

paper.

Lemma 2.1.5 [47] Let V (z(t)) be a differentiable Lyapunov function for system
with V (z(0)) = 0 and external inputs w(t) satisfying w? (t)w(t) < wi,. If there
exists scalars a > 0 and B > 0 such that V (z(t)) +aV (x(t)) — fw” (t)w(t) < 0, then
V (x(t) < Bwn.



2.2 Stability criteria of a time-delay system
Let us consider a time-delay system as follows:
a(t) = f(t, z1), t>to, (2.2.1)

where z(t) € R™ is the state vector and the function f : Rt xC,, ;, — R™ is continuous
and f(t, 0) =0 for V¢t € R.

Let us define z; as

xp=z(t+0), —hy <60<0. (2.2.2)
The initial condition (2.2.1) is defined as

24,(0) = ¢(0), —hay <60 <0. (2.2.3)

It is assumed that the time-delayed system (2.2.1) with the initial condition (2.2.3)
has a unique solution for ¢ € C,, , and x4, € R.

Now, following is Lyapunov-Krasovskii’s stability theorem.

Theorem 2.2.1 (Lyapunov-Krasovskii’s Theorem) [2] Suppose that the func-
tion [ take bounded sets of C, in bounded sets of R,, and u,v,w : RT — RT
are continuous, non-decreasing functions satisfying u(0) = v(0) = w(0) = 0 and
u(s),v(s) > 0 for s > 0. If there exists a continuous function V : R x C,,, — R

such that
allel) <Vt 20) < ol (2.2

The derivative of V (t, x¢) along the solution of (2.2.1) and (2.2.3), defined as

. _ 1
V(t, z¢) = limsup — | V(t + 5, 24ys) — V(t,xt)] ) (2.2.5)
s—0t+ S
satisfies
V(tw) = —w(ll=(®)]), (2.2.6)



then the trivial solution x = 0 of the time-delay system in (2.2.1) and (2.2.8) is
uniformly stable.

If u(s) — oo as s — o0, the solutions of the time-delay system in (2.2.1) and
(2.2.8) are uniformly bounded.

If w(s) > 0 for s > 0, the solutions © = 0 is uniformly asymptotically stable.

If, in addition,

lim u(s) = oo, (2.2.7)

s—0

then it is globally asymptotically stable.

2.3 The model of neural networks

Neural networks mean the sets of neurons, basic units for a system. Each neuron
generally is organized into layers, and each unit is interconnected between layers. The
following Figure 2.3.1 helps the neural networks understand easily. The structure
of neural networks consists of several layers, which are called input, hidden, and
output layers. Among them, the hidden layer can be composed of several stages.
The relation of layers makes the activation function in neural networks systems. The
activation function is specifically explained by the following Figure 2.3.2. In Figure
2.3.2, inputs indicate the states of neurons. They have each weight, which includes
the importance of synapse. Several inputs containing each weight are summed as
a transfer function, and they are constructed the activation function by net input.
The relationship between the activation function and neurons is simply expressed
as f =), wiz;.

Science and engineering fields such as pattern recognition, secure communication,
image processing, and associative memories have been applied to develop various
industries in neural networks system. Therefore, the study of neural networks plays

an important role and has a meaning in contributing to modern industries.
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Figure 2.3.1: The structure of neural networks
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Figure 2.3.2: The structure of activation function

2.4 Markovian jump process

From the work [3], let S = 1,2, ..., N be an index set. The Markovian jump process

r(t), (t > 0) with values in the finite set S, describes the switching between the


the_model_of_neural_networks.eps
The_structure_of_activation_function.eps

different modes and its evolution is governed by the following probability transitions:

TpgAt + o(At), p#q
P{riiat=qlre=p} = e (2.4.1)
1+ mppAt +o(At), p=gq

where At > 0 and lima_q O(AA;) = 0. mpq > 0 is the transition probability rate from
mode p to mode ¢ at time ¢ and m,, = — Eéilm&zo Tpg-

To understand the Markovian jump process, the example of the status diagram

is given as follows. In Figure 2.4.1, the transition matrix can be expressed P =

Tl T12 . . .. . .
with an index set S = 1, 2. The principles of the transition matrix mean
21 22

the probability changed self or other system.

T11

A

12

i1

USY)

Figure 2.4.1: The state diagram of Markovian jump process
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III. Neural networks

In this chapter, the problem of stability analysis is dealt with in a generalized
neural networks system, and the estimation of the reachable set is applied in Marko-
vian jump neural networks systems with time-varying delays. In Theorem 3.1.1-3.1.3,
a stability analysis method with better results is suggested based on previous studies
in NNTVDs. Comparison with the results of Corollary 3.1.3 also demonstrates the
superiority and novelty of the LKFs proposed in section 3.1. Based on the principles
of section 3.1, the estimation method of the reachable set is proposed in section 3.2.
It aims to minimize the area of the reachable set while optimizing specific parameter
values in Markovian jump NNVTDs. Via various numerical examples, the superior-

ity, effectiveness and necessity of the proposed methods are explained.

3.1 The stability analysis of neural networks

In this section, the stability analysis of a generalized NNTVDs is considered.
The augmented vectors including the activation function-based integral terms,
ftt_hM f(Waz(s))ds and ftt_hM fst f(Waz(u))duds, are proposed. By constructing the
augmented LKFs, a wider feasible region can be obtained. Especially, these terms
are used for the double integral LKFs, which helps to get improved results than
previous ones. Some mathematical techniques, such as zero equalities and AZEA,
induce a great effect. These methods are critical techniques not only to eliminate
the free variables with zero equalities and but also less conservative results. With
the new LKFs considering the activation function-based terms and the generalized
free-weighting-matrix inequality, stability conditions of a delay-dependent are de-

rived for a generalized NNTVDs in Theorem 3.1.1. By including the positiveness of

10



the proposed LKFs, it can be deduced the improved results of feasible region in The-
orem 3.1.2. Furthermore, by utilizing some mathematical techniques such as some
zero equalities and AZEA, the following notions are proposed in Theorem 3.1.3. By
comparing the results of Theorem 3.1.3 and Corollary 3.1.3, the proposed LKF's are
proved their superiority. Finally, three numerical examples verify the validity and

distinction of the proposed results in Theorems 3.1.1-3.1.3.

3.1.1 Problem Statements
Let us consider the following system for neural networks with time-varying delays
B(t) = —Ax(t) + Wo (W () + Wif (Waa(t — h(t))), ¥t >0, (3.11)

where z(t) € R" is the neuron state vector, f(-) € R™ = [f1(-), f2(*), ..., fn()]T is
the activation function of the neurons, A € R™*™ is a positive diagonal matrix,
Wy, Wi, and Wy € R™ ™ are the interconnection matrices between neurons. h(t) is
a continuous function which means the time-varying delays satisfying

0 < h(t) < hary h(t) < hp, (3.1.2)

where hjs is a positive constant and hp is any scalar.

The activation function f(-) is satisfied with the following assumption.

Assumption 1 The activation functions f;(-)(i = 1,...,n) with f;(0) = 0 are con-
sidered continuous and assumed to be bounded. They are satisfied with the following

condition:
i(b) — fi
ki < w <kl,a#beR, (3.1.3)

where k;” and k:r are real constants.

Remark 2 The concept of assumption 1 was explained from [36]. Activation func-

tion f(-) contains many activation conditions.

11



This paper aims to derive the delay-dependent stability analysis of the system
(3.1.1) with time-varying delays. By constructing LKFs and utilizing some math-
ematical techniques, enhanced stability conditions will be derived in the forms of

LMIs.

3.1.2 Main Results

This paper considers the main results using Lemmas 2.1.1-2.1.3 in neural net-
works with time-varying delays. To represent the main results, block entry matrices,
ei(i = 1,2,...,18) € R¥¥X" are usually used to simply express matrices and vector
states. For examples, €5 = [Onx4n, In, Onx13n]’ and €11 = [Onx10n; Ins Onx7n] -

Some notations are explained below as

K, =diag{k{, ...k}, K, =diag{ky,....k,},

rn

C(t) = [xT(t),xT(t — h(t), zT (t — hyg), 21 (t), 21 (t — hM),/t z1(s)ds,
t—h(t)

t—h(t )
/ / / u)duds,
t—has t—h(t)
t— h(t 1 t .
u)duds, / x (s)ds,
ar — h(t) h /t / " h(t) t—h(t) (s)

- - s T Tm B Tx B
w—h()/t_,w 2T (s)ds, {7 (x(t)), F7 (@ (t — h(). f7 (@t — har)),
t—h(t)

/ fT(W233(8))d8,/ L (Wax(s))ds,
t—h(t

t—hns

)
L t t T lu uas
0 /t_h(t / £T (Wa(u))duds,

t—h(t) T
I — ho(t) h /t / fT(Waz(u ))duds] :

B(t) = [mT<t>,¢T<t>,fT(%z(t))]T

)

12



Ci(t,s) = |:$T(t)7$T(t_hM) /t . s)ds /t hM/ u)duds,

[, s [ / 7 (W) |

Golt, 5) = [aT(t), / t aT(u)dur,

T

Galtss) = [47(5) 7 (Warts). [ o w7~ )]

OnPlon OnP20n
17=Q+ | %0,0,], @“=Q+| % 0,0,
* x 0 * x 0,

T = [e1, €2, €3, €4, €5, €6, €7, €8, €9, €10, €11, €12, €13, €14, €15, €16, €17, €18) ,
Eqfne) = Sym{[e1, e3,e6 + e7, h(t)es + (har — h(t))(e9 + e6), €15 + €16,
h(t)eir + (har — h(t))(e1s + e15)] X Res,e5,e1 — es, harer — (e + e7),
e12 — e14, harerz — (e1s + 616)]T} ;
Eain() = [e1, €4, €12, €, eq, €o] N [e1, ea, €12, €0, €, o]
— [es, e5, €14, €6 + €7,1 — €3, e15 + e16] N
x [es, €5, €14, €6 + €7, €1 — €3, €15 + €16]
+Sym {[es + e7,e1 — e3,e15 + e16, h(t)es + (har — h(t))(es + €9),
haer — (eg + e7), h(t)err + (har — h(t))(e15 + e1s)] N
X [60,60,60,61,64,612]T}
+Sym { [612 — 61W2TKm] Aleef + [elWQTKp — 612] A1W2€£}
+Sym { [614 - 63W2TKm] AgWgeg + [e;;WQTKp - 614] AQWQeg} ,
Es1 = [e1, 12, €0, €0, €0, €3] G [e1, €12, €, €0, €0, €3]
— (1= hp) [e2, €13, €6, €1 — €2, €15, €3] G [e2, €13, €6, €1 — €2, €15, €3],
Esoin)) = Sym{[es, e15, h(t)es, h(t)er — es, h(t)err, h(t)es] G

T
X [60, €0, €1, €4, €12, 65] } )

13



E4 = hat [er, ea, e12] Q en, eq, e10]
Eq = Sym {51 leg, €1 — €2, e15]"
+U; [—es + 2es, €1 + €2 — 2e19, —€15 + 2617]T} ,
Eap = Sym {52 le7, €2 — e3,e16]”
+Us [—e7 + 2e9, e + €3 — 211, —e16 + 2618]T} ,
Z5 = elPlelT —ey (P — Ps) 62T — engeg,

E6in(n)) = Sym { t)eip — €g) \IflTT} + Sym {((hM — h(t))e11 —e7) \IIQTT} ,

O1[n) = ZSym{ €114 — eiW2TKm) <};L(]\t/[) Ji + th—Mh(t)LZ)
x (e114i — ;W Kp)T} )
2
Oonr) = — Z Sym{ (e114; — €124 — (ej — €145) W3 Kp,)
< S35+ thMh( )L3+J'> (e114) — e1245 — (e — e14y) WQTKP)T} 7
En) = E1jne) T S2n)] T E31 + E2(n(e)) + 24+ Ea1 + Ea2 + E5 4+ O1ppp)

0301

I = —Ael — el + Wyely, + Wiel;. (3.1.4)

Now, the following theorem is given by the first main result.

Theorem 3.1.1 For given scalars hyy and hp, system (3.1.1) is asymptotically
stable for 0 < h(t) < har and h(t) < hp, if there exist matrices R, G, N € S%,
Q € Si”, Ay, Ay € DY, P eSS, U € R3¢ RO (5 = 1.2),
JpeDh, Ly e D} (j=1,2,..,5) satisfying the following LMIs:
(T Eipant + o) (T (05 (ar1) (14) " (har)
* —ha Q9 03, <0, (3.1.5)
* * —3h Q7"

14



(04" (B + Bo)) (1) (1) (harS2) (14) " (hasUs)

* —hpr Q3 030, <0, (3.1.6)
" " —3hp QR
Q1" >0, (3.1.7)
Q5" >0, (3.1.8)

where the notations are defined as (3.1.4).

Proof Let us see the following LKF's:
V() =Vi+ Vot Va+ Vi, (3.1.9)
where

Vi = (£, 5)RGi (¢, 5),
t
Vo = / Cg(t,s)NCQ(t, s)ds
t—hpr
n ngiz(t)
+2Z )\171'\/ (fZ(S) — ]{ZZ—S) ds + 5171'/
i=1 0 0
n WQ’iIB(t—h]W)
+2) | Ao / (fi(s) — k; s) ds
i=1 0
Wg,im(t—hM)
+52,z'/ (kfs— fi(s))ds |,
0

t
Vs = / E(t, 5)GCs(t, s)ds,
t

—h(?)

Wg’iz(t)

(k:;LS — fl-(s)) ds)

Vy = /tth / t,BT(u)Qﬂ(u)duds.

The time derivatives of V; and V5 are written as

Vi = 2] (t, )R (¢, 5)
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= (T (D=1 <), (3.1.10)
Vo = (3 (8, 1)NGao(t,t) — <2T (t,t = har)NGo(t,t — har)
ol o] <[]
ft N f w)duds B(t)
+2[f (Waz(t)) — KmWQa:(t)]TAlWQa'c(t)
12 [K,Woz(t) — f (Woz(t))]" Ay Wai(t)
+2[f (Waz(t — har)) — K Woa(t — hag)]” AaWai(t — hay)
+2 [K,Waa(t — har) — f (Waz(t — har))]" AgWai(t — hay)

= () Zqpn (1) (3.1.11)

Calculating the upper bounds of the time derivatives of V3 can lead to

Vs = C;Z:F(t,t)Gcs(t £) — (1 — h(®)CT (4, — h(t)) GG (t, ¢ — h(2))
+/t - 7 (Cg (t,5)GC3(t, 5)) ds
< ¢ (t, t)GC3(t t) — (1 — hp)CT (8t — h(t)) GCs (1, — h(t))
/t ht) dat (C3 (t,s)G(5(t, 8))

¢T(t) (Ba1 + Esain(ry)) €(1), (3.1.12)

_|_

since the condition satisfies h(t) < hp in (3.1.2).

Calculating the time derivatives of Vj is
t
Vi ' 0Q80 ~ [ AT(:)QA(s)ds
t—=hpr

t
~TWECH - [ AT(5)@A(s)ds. (3.1.13)
t—hp
Two zero equalities are considered by the Newton-Leibniz formula as follows:

0 =2 (t)Pix(t) — x7 (t — h(t)) Pyz (t — h(t))
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t
—2/ z1(s)Pyi(s)ds,
t—h(t

(3.1.14)

)
0=zl (t — h(t)) Pox (t — h(t)) — 2T (t — hag) Pox (t — hay)

t—h(t)
—2/ 21 (5) Pyir(s)ds.
¢

—hum
The sum of (3.1.14) and (3.1.15) can lead to

t

0=¢T()=s5¢(t) — 2/ z1(s)Pyi(s)ds

t—h(t)

t—h(t)
—2/ 2T (s) Pyi(s)ds.
t

—har

By adding (3.1.16) into (3.1.13), it can be

¢ On Pl On
Vi = ¢T(t) (B + 55) (1) - / ACICRS P
t—h(t
* * 0
0, P 0,
t—h(t)
- / ) Lo+ |« 0,0, | | Bes)ds
t—hym
* * 0y

t—h(t)
- / 57 ()QE"95(s)ds,

—har

where Q7" and Q5" are defined as (3.1.4).

(3.1.15)

(3.1.16)

(3.1.17)

From Lemma 2.1.2; the integral terms in (3.1.17) get the upper bounds as

t
- / BT (5)Q"9 B(s)ds
t—h(t)

S Sym {CT(t)Slwl(t) + CT(t)UlcUQ(t)}

+h(t)CT (1) <S1( w9) 15T 4 LUy ‘f“g)_lU1T> ¢(t),

3

t—h(t)
- / BT (5)Q3" B(s)ds

_hM

17
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< Sym {¢T(t)Saws(t) + ¢T () Uswa(t) }

g = H(0) 0 (520Q5) ST + (@)U ) ¢lo), (3119

where

t
() = / o 8Os = fes.e1 = ez, 157 €00,

wlt) = — /tih(t)ﬁ(s)ds—l—% /;h(t) / ' B(u)duds

= [—ep + 2eg, €1 + €2 — 2e10, —€15 + 2617]T ¢(t),

t—h(t) .
wslt) = / B(s)ds = [er, e2 — e3, ex5]” C(2),
t—hpns
t—h(t) t— h(t
wy(t) = —/ B(s)ds + —————— / / u)duds
t h]w hM h‘ t S
= [—e7 + 2eg,e2 + €3 — 2e11, —€16 + 2618] (t).

The upper bound of V; derived using (3.1.13)-(3.1.19) is as follows:

Vi < CT(t) (B4 + Ea1 + Eag + E5) C(t)
+h(t)¢T (1) {Sl( wtsT + = Ul( 9y 1U1T} (1)

+ (har = h(£) (1) {52< 20) 7] + S U(Q5") U } (#). (3.1.20)
In the component association of ((t), two zero equalities are derived:

0= CT(t)Sym {(h(t)elo - 66) \I/lTT} C(t), (3.1.21)

0= CT(t)Sym {((hM — h(t)) el — 67) \I/QTT} C(t), (3.1.22)

where U; € R™¥(j = 1,2) are any matrices.

The sum of (3.1.21) and (3.1.22) can lead to

0= ¢ (t)Zn(e¢(1). (3.1.23)
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From Assumption 1 with a = 0, for J;, L; € D’} (j = 1,2,3), the derived inequality

is satisfied:
T ()01 C(t) =0, (3.1.24)
and with a # 0, for J;, L; € D (j =4,5), the derived inequality is also satisfied:
T (#)OapnC(t) =0, (3.1.25)

The proof of the inequalities (3.1.24) and (3.1.25) was specifically explained in [16].

From (3.1.11)-(3.1.25), an upper bound of V (t) can be written as
: —_ — au, — 1 au, —
V() <t [%(t)} + Zejncy) + (?) {Sl( TS+ ST (@) lUlT}
au, — 1 au —
T (hay — h(t)) {52@2 )T L Ua(Q5™) 105}]4@. (3.1.26)

A stability condition in the system (3.1.1) can be
— —_ augy — 1 augy —
<@ [E[h(t)} + Zeinn) + h(t) {51( TS+ ST (@) lUlT}
au. — 1 au —
 (ar — ) {52(@3) 1T + (@) 0T ety <0, 312

subject to 0 = T'C(¢).

From (i) and (ii) of Lemma 2.1.3, the following inequality satisfies:
lT — —_ aug\—1 oT 1 aug\—1y7T
(F ) :[h(t)} +:‘6[h(t)] +h(t) Sl( 1 ) Sl +§U1( 1 ) Ul
1
+ (har — (D) {52( 3')71 S5 + S U gug)-lUQTH (ri) <0.  (3.1.28)

The inequality (3.1.28) is satisfied, if the following two inequalities hold

(FL>T [E[hm + Z6lhar]

au — ]- au —
Fhay {sl( )71t + U@ 1U1TH (ri) <0 (3.1.29)
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and

T
(FJ-) |:E[O] —+ EG[O}
au — 1 au —
+has {52( SN TLST + SU2(Q; 9) 1U2TH (rl) <0. (3.1.30)

since it relies on h(t) with the condition of 0 < h(t) < hps. Therefore, the stability
conditions for Generalized NNTVDs (3.1.1) satisfy with (3.1.5)-(3.1.8), since the
inequalities (3.1.29) and (3.1.30) can be developed by Schur’s complements. Thus,
it is asymptotically stable for 0 < h(t) < hys and A(t) < hp. This completes our

proof. |

Remark 3 It was proved that inserting inequalities containing the activation func-
tion condition (3.1.3) provides enhanced stability criteria for Generalized NNTVDs
in [10]. Like [28], };LLL)JZ- + th;];(t)Li (i =1,...,5) are always positive definite since

the time-varying delay 0 < h(t) < hjps relies on h(t).

To represent the following Theorem 3.1.2, &; (i = 1,...,6) € R " are used to

simply express matrices and vector states. If N > 0 satisfies, the lower bound of

V(t) follows as:

t
V(t) > (T (t, ) RGi (L, s) + / Tt s)NGo(t, )ds (3.1.31)
t—hym
By Lemma 2.1.1, the lower bound of ftt_hM ¢¥(t,s)N(a(t, s)ds can be easily obtained

as

/t C2T(t, s)N(a(t, s)ds
t

—hm
T
/t C2(t78)d8> N </t Cg(t,s)ds>
t—hym t—has

1
>
=
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hat

ftt_hM x(s)ds
x(t) — a(t — har)
ft hM f(Wax(s))ds
ft - f w)duds

- ft_hM x(s)ds

harx(t

S fj J (Wa(u)) duds |

t
ft_hM x(s)ds
x(t) — x(t — har)
ft hM f (Wax(s))ds
ft - f w)duds

- ft_hM x(s)ds

harx(t

_ftt—hM fst f (Waz(u)) duds |

1 . - . N .
= WQT(@S) [€3,€1 — €2, €5,€E4, hpré1 — €3,66] N

X [ég, él — 52, 55, é4, hMél — ég, éG]T Cl(t, S) (3.1.32)
Therefore, if the following inequality holds,
1 . . - . - U
R + P [637 €1 — 627 657 647 hM@]_ - 637 66] N
hat
x [é3,E1 — 2,5, €4, haséy — é3,8)" >0 (3.1.33)

then the lower bound of V(¢) can be guaranteed to be positive.

The following Theorem 3.1.2 shows the effectiveness of positiveness based on

Theorem 3.1.1.

Theorem 3.1.2 For given scalars hyy and hp, system (3.1.1) is asymptotically sta-
ble for 0 < h(t) < has and h(t) < hp, if there exist matrices R € S, G, N e Sér,
Q € Si", Ay, Ay € DY, P eSS, U € R3¢ RO (5 = 1.2),
JyeDy, Ly eD} (j=1,2,..,5) satisfying the LMIs (3.1.5)-(3.1.8), and (3.1.53).

Proof The augmented LKFs are the same in Theorem 3.1.1 (3.1.9) and has the
lower bound V(¢) like (3.1.31). The other proof and notations are the same as the

previous theorem, so it is omitted. [ |
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Remark 4 The lower bound of V(t) can be held by integrating some function-
als of V() in Theorem 3.1.1. The positiveness of the matrix R replaces from R > 0
to (3.1.33). The proposed lower bound of V (t) guarantees less conservatism in sta-

bility analysis.

The following Theorem 3.1.3 shows an improved result than the results of The-

orem 3.1.2.

Theorem 3.1.3 For given scalars hyr and hp, system (8.1.1) is asymptotically
stable for 0 < h(t) < has and h(t) < hp, if there exist matrices R € S, G, N e sén,
QeS¥, A, A;eD?, PeS", S;, U € RB™3n (; =1,2), J; e D%, L;j € D}
(j =1,2,...,5) satisfying (3.1.7), (3.1.8), (3.1.33), and the following LMIs :

(P[th])T E[hM] (P[th]) (P[th})T (harS1) (P[lhzw])T (harl)
* —hp Q7" O3y, < 0,(3.1.34)

* * —3hp Q7"

(%)T = (%]) (%)T (harSs) (%)T (harUs)

% —ha Q3 03, <0, (3.1.35)
* * —3hp Q5"
where
I
Py = | Wt)efy — e

(har = h(t))efy —ef

The same notations are used, like Theorems 8.1.1 and 3.1.2.
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Proof Let us see the stability condition of the LKF's for a system (3.1.1). It can

be written by
* —_ aug\ — 1 aug\ —
V(o) < 70 |Zny + 10 { 5@ ST + (@ ot |
au, — 1 au —
(g = 1) {82(Q5") 85 + U@y 0f } |¢to) <0,
subject to 0 = T'j )¢ (1) (3.1.36)

The inequality (3.1.36) can be developed by Lemma 2.1.3, and it is equivalent to

g = augy— 1 augy—
(P[lha)]) [ﬂ[h(twh(i){&( 1) 151T+§U1( aug) 1U1T}

(= 0 {5255 + J0(@8) U | (T <0313

where Zf;, () is the same notation in Theorem 3.1.1.

The inequality (3.1.37) is satisfied, if the following two inequalities hold

T
(F[lhm]) [ + har {S1(QT") ST

]' au —
+5U1(Q") 1U1TH (F[J;LMO <0, (3.1.38)

T
(P[%}) [Zo) + har {S2(Q5") 15T

1 au —
+5U2(Q5") 1U2TH (r[ﬁ]) <o, (3.1.39)

since the above inequality relies on h(t) with the condition of 0 < h(t) < hjs. Since

the other proof is the same as Theorem 3.1.1, it can be omitted. |

Remark 5 Zero equalities have some drawbacks, which increase the calculating
costs due to the free variables ¥; € R™*1¥" (j = 1,2). For solving these problems, the

AZEA was proposed in [35]. All the zero equalities such that 0 = (—Ae] — ef + Woed,
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+Wiefs) C(t), 0 = (h(t)ewn — e6)C(t), 0 = ((has — h(t)) e11 — e7) {(t) in Theorem
3.1.1 are incorporated in 0 = T'j;)¢(¢). By utilizing the AZEA, Lemma 2.1.3 was
applied to (3.1.36). Consequently, it is possible not only to eliminate the free vari-
ables ¥; € R™ 18 (; = 1,2), but also to guarantee less conservatism in stability

criteria with improved maximum upper bounds of time-varying delays.

Remark 6 The proposed LKFs in previous researches such as [12] and [26] have
not focused on and been not commonly used the activation function-based terms
in NNTVDs. It can be expected the improved delay bounds than previous papers
by including the activation function-based terms such as ftt_hM f (Wax(s)) ds and
ftt_ has f; f (Wax(u)) duds. To prove the effectiveness of the proposed LKFs above, it
is suggested the other LKF's except for the vectors of the activation function-based
terms in Corollary 3.1.3. By comparing the results in three examples, the effective-

ness of the proposed LKF's will be verified.

The following Corollary 3.1.3 shows for comparison how much the activation

function-based terms are improved results.

The notations for understanding the main results in Corollary 3.1.3 are defined

as

~

((t) = [mT(t),mT(t — h(t),zT (t — hag), 2T (), 27 (t — hag), /t 2T (s)ds,
t—h(t)

t—h(t)
/ / / w)duds,
t—hy t h
1 t h(t) T
har — h(t) /t—hM /s (u)duds,

1 /t (3 1 /t h) T(5)d
— xr(s)as, —————— x(s)as,
h(t) t—h(t) hM - h(t) t—has
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T
FH@(@), [T (@t = ht))), [T (x(t — hM))] ;

17, i=1,2,..,14,

é = [Onx(i—l)n’In’OnX(lél—i)n
éj = [Onx(j—l)nvln’onx(4—j)n] » 7 =1,2,3,4,
N . T
Bt) = [«T(1),37 (1),
Gty s) = [xT(t),xT(t—hM) / ds/ / duds] ,
¢ hM t—has
) T
oty s) = [Tt /,BT du] ,Ca(t, s) = [Ts),/ ,BT(u)du,mT(t—hM)} ,
. |0, P N | On P
X =Q+| "L =+ | "
* Op,

! * Op,
Lh@) = Sym {[él, &3, 86 -+ é1, h(t)és + (har — h(1))(éo + &) R

[1]>

X [e4, 85,81 — €3, harér — (66 + é7>]T} ,
atn(t)] = €1, €4, €0, &) N [é1, 64, 60, é]
(€3, 5,86 + 67,61 — é3] N [é3, 5, é6 + é7,¢1 — &3]

és, h(t)és + (har — h(t))(é6 + é9),

[1]>

+Sym {[éﬁ + é7,61 —

haréy — (é6 + é7)] N

X [e0, 20, 61, 4,] }

+Sym { [612 — e Wl'K ] A1W264 [elWQTK — élg] AlWQéZ}

+Sym { [614 —&WIK ] A2W2€5 + [€3W2 — é14] AQWQég} ,

E31 = [é1, €0, €0, é3] G [é1, €0, €0, €3]
(1 —hp) [é, 6,61 — é9,63] G [é2, 66,61 — é2,83]"

Saainey = Sym { 6, ht)es, h(t)ér — 6, h(t)és] G [éo,ex,éa,65)" }

éﬁl - hM [é17 é4] Q [é17 é4]T7
;41 Sym {S [éﬁ, é1 — ég]T + 01 [—é6 + 2ég,61 + € — 2610] } ,

T}’

j42 Sym {S'g [é7, €9 — ég]T + 02 [—é7 + 269,69 + €3 — 2611]
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Zs = e Pl — ey (151 - 1%) el — o3 Pyel
R . - h(t) - har — h(t) -
O1[n) = — Z Sym § (é114: — Wy Kpy) Ioor H; + o F;

X (é11+i — éZWQTKp)T} s

2
Oin(t) = — Z Sym { (é114) — é1245 — (& — é145) W3 Kp,)
j=1

h(t) ~ hyr — h(t) »
X QH3+]'+M7()F3+]'
hyr har

N N R R T
X (E1145 — €124 — (&5 — e145) Wy Kpp) } :

(11>
o

é[h(t)} = é1[h(t)] + é2[h(t)] +Z31 + é32[h(t)} +E4+E0 +Ep+

+O11n(] + Oain(r))s

= —Ael — &b+ wpel, + wiely. (3.1.40)

Corollary 3.1.3 For given scalars hyy and hp, system (3.1.1) is asymptotically
stable for 0 < h(t) < has and h(t) < hp, if there exist matrices R € S, G, N € Ssir,
Qes Ay, AjeD?, BesS, S, U € R (. =1,2), J; € DY, Ly € DY

(j =1,2,...,5) satisfying the following LMIs:

(F1) Zoa (Fiag) (Fg)” (i) () ()
* —ha Q1 0oy, < 0(3.1.41)
* * —3hMQ‘1w9

(6) 20 (06) (£) (rarSe) (B)" (rar0e)

* —ha Q3" 021, <0, (3.1.42)
* * —3hMQ‘2wg
QI > 0, (3.1.43)
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Q3" >0,

(3.1.44)
. 1 .
R+ -— [63, €1 — €2, 64, haréy — 63} N
hat
. . . .7
&3, 61 — 89,64, hasér — 53] >0, (3.1.45)
where
r
Py = | wtel—ef |
(har — h(t))éf; — é7
where the notations are defined as (3.1.40).
Proof Let us see the following LKF's:
V(t)=Vi+Va+Vz+ Vi, (3.1.46)

where

Vl = CAlT(t? S)Rél (t7 3)7

t
B= [ d N sds
t—hn
n R ngiz(t) Wg’iz(t)
+2Z )\171-/ (fz( ) —k; 3) d8+511/ (kfs—fi(s)) ds
i=1 0 0
n " WQ’iIB(t—h]W)
+2) (Agﬂ-/ (fi(s) — k; s) ds
— 0
“ Wg,im(t—hM)
+52,z'/ (kfs— fi(s))ds |,
0

A~ t /\ A A
m_lwgu@@wﬂ

/t . / BT (w) QB (u)duds.
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Table 3.1.1: Maximum bounds of NNTVDs with different hp (Example 3.1.1).

hp 0.8 0.9 unknown

M.J Park et al. [11] 6.7001 4.0747 3.6066

Z. Feng et al. [24] 6.7186  3.9623 3.6654

B. Yang et al. [26] 7.1718  4.2979 3.7615

J.A Wang et al. [25] | 7.2033 4.0663 3.6876

9.3998 4.6035 3.8840
6.8886 4.2175 3.6353

O.M Kwon et al. [12]
)

Theorem 3.1.2) | 7.0061 4.2954 3.7183
)

Ours (Theorem 3.1.1

Ours

9.3612  5.1996 4.2019

(
Ours (Theorem 3.1.3
Ours (Corollary 3.1.3) | 7.8554 4.7847 4.2018

With the similar processes of Theorem 3.1.1-3.1.3, one can easily obtain the following

condition

~

Vo) <€) (20 + o) {8187 + g0 ot )

+(har = h(t)) {Sz( 05"0) 7Y + %fb( A;”Q)*UE}) ((1) <0,

subject to 0 = f[h(t)]é(t) (3.1.47)

and
A A, A A t A A A
V() > Tt ) BEL(E 5) + / NG s (3.1.48)
t—hn

The other process is similar to the proofs of Theorems 3.1.1-3.1.3, so it is omitted.
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Table 3.1.2: Maximum bounds of NNTVDs with different hp (Example 3.1.2).

hp 0.40 0.45 0.50 0.55
M.J Park et al. [11] 17.2697 12.0698 10.2903  9.3879
Z. Feng et al. [24] 18.8262 12.8039 10.6230 9.5038
B. Yang et al. [26] 20.8249 14.0082 11.5834 10.2690
J.A Wang et al. [25] | 21.0344 14.4707 11.9667 10.6439
O.M Kwon et al. [12] | 27.7002 19.5050 16.4611 14.9900
Ours (Theorem 3.1.1) | 17.2194 12.2222 10.5582  9.7551
Ours (Theorem 3.1.2) | 17.5781 12.5651 10.8613 10.0089
Ours (Theorem 3.1.3) | 32.3833 22.5316 19.5912 18.3621
Ours (Corollary 3.1.3) | 31.4262 21.2865 17.7803 16.1689

3.1.3 Numerical Examples

Three examples show that the proposed methods can be effective and provide

less conservative results in this paper.

Example 3.1.1 Let us consider the system (3.1.1):

20 1 1 0.881
A = B WO - ) Wl = 9
02 -1 -1 1 1
10
Wy = | K, = diag{0.4,0.8}, K, = 0s. (3.1.49)
01

In Table 3.1.2, the maximum delay bounds are shown for different values hp.

Table 3.1.2 includes some recent results such as [11], [12], [24], and [25]. By com-

paring the results, it is explicitly verified that the proposed methods are enhanced.

When hp = 0.8, the upper bound value is smaller than the result in [12]. Through

the comparison of Theorem 3.1.3 and Corollary 3.1.3, the proposed LKFs are more
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Figure 3.1.1: State trajectories of system (3.1.1) with h(t) = 0.3sin?(t) + 32.0833
(Example 3.1.2).

effective with less conservatism. It can have a meaning of the comparisons since oth-
ers of hp are larger. Lastly, Theorem 3.1.3 increases the maximum delay bounds and
decreases the free variables ¥; € R™*187(; = 1,2) by utilizing the AZEA compared
to Theorem 3.1.2.

Example 3.1.2 Let us consider the system (3.1.1):

1.5 0 0.0503 0.0454 0.2381 0.9320
A= , Wo = , Wi =
0 0.7 0.0987 0.2075 0.0388 0.5062
Wy = I, K, =diag{0.3,0.8}, K, = 0s. (3.1.50)

When the values of hp are 0.40, 0.45, 0.50, and 0.55, the maximum delay bounds
are recorded in Table 3.1.1. It is explicitly verified that the proposed methods are
enhanced than the previous literatures [11], [12], [24], and [25]. To check the effec-
tiveness of the results for Ap = 0.40 and hjy; = 32.3833, the state trajectories of Ex-
ample 3.1.2 with time-varying delay h(t) = 0.3sin?(t) + 32.0833, activation function
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Table 3.1.3: Maximum bounds of NNTVDs with different hp (Example 3.1.3).

hp 0.1 0.5 0.9
M.J Park et al. [11] | 1.1194 0.4599 0.4027
B. Yang et al. [26] 1.1205 0.4614 0.3963

Z. Feng et al. [24] 1.1365 0.4678 -
J.A Wang et al. [25] | 1.1366 0.4887 0.4324
O.M Kwon et al. [12] | 1.1705 0.5437 0.4620
Ours (Theorem 3.1.1) | 1.1201 0.4614 0.4031
Ours (Theorem 3.1.2) | 1.1202 0.4614 0.4032
Ours (Theorem 3.1.3) | 1.1814 0.6687 0.5938
Ours (Corollary 3.1.3) | 1.1758 0.6668 0.5938

f(z(t)) = [0.3tanh 21 (t) 0.8tanhzo(t)]” and initial condition z(0) =[1 —1]7 are

shown in Fig. 1. It is proved that the system (3.1.1) with system parameters (3.1.1)

is asymptotically stable since the state trajectories of Fig. 3.1.1 converge to zero as

time goes to infinity.

Example 3.1.3 Let us consider the system (3.1.1):

A = diag{7.3458,6.9987,5.5949}, Wy = 03, W = I3,

13.6014 —2.9616 —0.6936
Wy = | 7.4736 21.6810 3.2100

0.7290 —2.6334 —
K, = diag{0.3680,0.1795,0.2876}, K, = 0.

20.1300

)

(3.1.51)

According to different hp, it is confirmed that the maximum delay bounds are

listed in Table 3.1.3. It includes some recent results [11], [12], [24], [25], and [26]. By

comparing the results in Table 3.1.3, the proposed results guarantee less conservative
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regions than existing literatures. It is verified that the AZEA is effective technique

for increasing the upper bounds delay.

3.1.4 Conclusion

In this paper, enhanced delay-dependent stability criteria for Generalized NNTVDs
system are proposed. By constructing the new augmented LKFs considering the
activation function-based terms and utilizing GEFWMI, the validity guaranteeing
asymptotic stability for NNTVDs was illustrated in Theorem 3.1.1. Based on Theo-
rem 3.1.1, the AEZA in [35] is applied to a more relaxed criterion, eliminating free-
variables caused zero equality and expanding the maximum delay bounds. Three
numerical examples are used to verify the validity and superiority than previous
literature. After the predicting the maximum delay bounds, the results are checked

by the graph as shown in Figure 3.1.1.
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3.2 Reachable set estimation of delayed Markovian jump

neural networks

In this section, the estimation of the reachable set in Markovian jump NNTVDs
is considered. This section’s aims are to estimate an appropriate reachable set for
the delayed Markovian jump NNTVDs based on the LKF approach and to apply it
in a variety of fields such as conflict resolution between two aircraft [41], a robotic
arm model with two joints [42], and an adaptive cruise control system [43]. To uti-
lize the Lyapunov method, the improved LKF's are firstly constructed to estimate
allowable smaller reachable sets. Especially in solving the LKFs, this technique is
rarely used in other studies and helps to improve the results. And then, a gener-
alized free-weighting-matrix inequality is utilized when the inequality of the LKF's
is derived. Some mathematical techniques, such as zero equalities and AZEA, can
obtain a significant effect like the improved results in section 3.1.

With the new LKF's proposed this section, LMIs conditions of a delay-dependent
are derived for Markovian jump NNTVDs in Theorem 3.2.1. Likewise, using an aug-
mented zero equality approach, based on the extended version of Finsler’s lemma,
the following notions are proposed in Theorem 3.2.2. With the principles of Theo-
rems 3.2.1-3.2.2, two numerical examples prove the effectiveness and novelty of the

proposed results more than previous researches.
3.2.1 Problem Statements
Let us consider the following system for Markovian jump NNTVDs

©(t) = —A(ry)x(t) + Wo(re) f(Wiz(t)) + Wa(re) f(Wiz(t — h(t))) + B(ryw(t), V>0,

x(t) = ¢(t),t € [=h,0], (3.2.1)

where x(t) € R™ is the neuron state vector, the initial condition ¢(¢) is a contin-

uously differentiable function. The activation function is defined as f(-) € R" =
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[f1(), f2(5), ooy fu()]T. h(t) means the time-varying delays satisfying

0 < h(t) < har, h(t) <hp, (3.2.2)

where hjs and hp are constants. w’ (t) € R! means external input with the form of

bounded peak
wl (Hw(t) < wir (3.2.3)

where wys is a constant. 74 is a right-continuous Markov chain on the probability
space having the values in a finite-state space N = {1,2,...,m} with generator

I = {mp,}, which is represented by

TpgAt + o(At), p#q
P{riiat=qlre=p} = e (3.2.4)
1+ mppAt + o(At), p=g¢

where At > 0 and limas_q % = 0. If p # q, mpq > 0 is the transition rate from

mode p at time ¢ to mode g at time ¢ + At, and m,, = =300, 7. A1) € R
is a positive diagonal matrix, Wy(r;), Wi, and Wa(ry) € R™"*™ are the interconnec-
tion matrices between neurons.

This paper aims to estimate a reachable set for Markovian jump NNTVDs (3.2.1)
with time-varying delays. By constructing LKF's and utilizing the following definition
and some mathematical techniques, enhanced stability conditions will be derived in

the forms of LMIs.

Definition 1. For V¢ > 0, the reachable set of system (3.2.1) is denoted as fol-

lows:
R, = {z(t)|x(t) and w(t) satisfy (1) with (2) and (3)} (3.2.5)

and an ellipsoid used to bound the reachable set of Markovian jump NNTVDs (3.2.1)

is given in the form of

e(P)={¢€"PE <1, € R, P >0} .
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3.2.2 Main Results

This paper shows the main results with the Markovian jump NNTVDs and
some Lemmas. To simply the expression of the main results, block entry matrices
are defined to represent matrices and vector states such that e;(i = 1,2,...,19) €
RUI5=Dx" For examples, €3 = [0nx2n, In, Onx16n]” and e15 = [0nx14ns In, Opxan)” -

The other notations are defined as
K, =diag{k, ...k}, K, =diag{k,...k,},

. . I
C(t) = [xT(t),xT(t — h(t), 2T (t — hag), 21 (t), 21 (t — hay), 0] /t_h(t) z1'(s)ds,

1 t—h(t)
m/t . o' (s)ds, [T (Whz(t)), T (Wha(t — h(t)),

frowyz(t — / / u)duds,
t—hi(t
t—h(t) pt— h(t 1 .
u)duds, (Whz duds,
th /t /s h(t/th(t/f 2(w)

t— h(t t— h(t
dud
T —h @ h /t /S (Wlm( )) duds,
t—h(t) T

/t_h@ Ts, [ xT<s>ds,wT<t>] ,

T

m(t) = mT(t),mT(t—hM),/t_h mT(s)ds} ,
ma(s) = [27(s), 87 (s), ST (W1(s))] ",

Q2,11 0, Q2,12 0, P1 0y,
Raugt = R—ae®™ | 0, 0, 0, |+ |* 0,0,/
Q2,21 05, Q2,22 * x 0Oy
0, P 0,

Raqu =R+ * 0, 0, | »

* x 0

= T T
E'=a <€1Um€1 + [e1, e3,e17 + e1s] Ple1, e3,e17 + eng] )
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N
+Sym {elUme4T + [e1,e3,e17 + e18] P [eq, e5,€1 — 63]T} + Z wmpelUmelT,
p=1
Ep = [e1, eq, e5]Q1e1, €4, e5]" — e "M [es, e5, e10]Q1[es, e5, e10]”
+Sym {[es — es W] K] MWiej + [esW] K — es] AiWief }
+Sym { [610 — e;;WlTKm AoWrel + [63W1TKZ;F — 610] Angeg} )
Z3 = [e1, e8] Qa [er, es]” — (1 — 1) [e2, 0] Q2 [e2, 9]
Z4 = har[e1, eq,es] Rer, eq,es]”
Ea1 = e " Sym {51 le17, €1 — €2, e11]”
+ Ny [—e17 + 2e13,e1 + ea — 266, —e11 + 2615]T} ,
Eip = e "M Sym {52 le15, €2 — €3, €12]”
+No [—e18 + 2e14, €2 + €3 — 2e7, —e12 + 2616]T} ,
S = e M (elPler{ —ey (P — P) eg — 63P263T) ,
By = SymA{(h(t)es — e17) W1} + Sym {((har — h(t)) e7 — e18) Yo},

h(t har — h(t T
O1[n(t) = —Sym{(eg — e Wi K, (h(M) Hy + MhM ( )F1> (es — ea W[ K,) }

—Sym 3 (9 = 2 Kon) wlt) Hy + has — (i) By ) (eg — 62W1TKp)T
by har
h(t har — hi(t
—Sym (610 - €3W1TKm) QH?) + Mf“];é
hat har
T
x (e10 — esW] K } ,
h(t har — hi(t
Oan(r) = —Sym { (es — €9 — (e1 — €2) WlTKm) <h(—M)H4 + MT()F‘*)

x (es —eg — (€1 — €2) WITKP)T}

—Sym { (es — €10 — (e1 — e3) WlTKm) <};L(A’;) s+ th—Mh(t)F5>

X (es —e10 — (e1 — e3) WlTKp)T}

—Sym { (eg — €10 — (e2 —e3) WlTKm) <};l(]\’;) He+ hM;l_Mh(t)Ffj)

X (69 —e10 — (€2 —e3) WlTKp)T} ,
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Ep@) =51+ 82+ 83+ 24+ 20 +Ea2+ 55 + Sgpn)) T Otne) + O2m))»

T = —Apel — el + Womel + Woel + Bel,. (3.2.6)

Then, the following theorem is given by main result.

Theorem 3.2.1 For given scalars hyr and u, system (3.2.1) is asymptotically stable
for 0 < h(t) < har and h(t) < p, if there exist scalar o > 0, matrices Uy, € ST,
P, R, Q1 € S3", Q €S2, Aj, Ay €D, P €S, S, N; € RUIn-Dx3n ;¢
R(W9n=0) (j =1,2), H;, F; € D% (j = 1,2,...,6) satisfying the following LMIs:
()" (2, - Bersely) (01) (097 (husy) (9T ()
* —hpre®hm Raug1 O3n

* * —3hppem Raugt

<0, (3.2.7)

()" (Z - Beroedy) (T4 (97 (harsa) (097 (harVa)

* —hp eohar Raug2 03
* * —3hpehm Roug2
<0, (3.2.8)
Raug1 2 0, (3.2.9)
Raug2 > 0, (3.2.10)

where the notations are defined as (3.2.6).

Proof Consider the LKFs candidate:

4
V (x(t),m) = Vi (x(t),m) + Y _Vi(x(t)), (3.2.11)

=2

37



Vi (a(6)m) = &7 (0 (t) + ] ()P (6,
Vae) = [ U (5)Qum(ds

v 3 " s (0 ) s s ) s

n Wy sx(t—har)
—|—2e_°‘tZ/0 [Aoi (fi(s) — ki s) + 62 (kiTs — fi(s))] ds,

T
Vi (2(t)) = / t () o |
t=h(t) | £ (Wiz(s)) f(Wiz(s))

t t
= / / DT (u) Rigo (w)duds.
t—hy Js

Let £ be the weak-infinitesimal generator, and it acts on a V (z(t), m).

L{Vi(z(t),s)} and £{Va(z(t))} are written as

S{Vi (x(t),m)} = 22T () Ui (t) + 207 () P (t) + Z Top” () U (t)

= —a (2" (O)Una(t) + 1 ()Pt )) + a( T (OUma(t) + 11 ()P (t))

+227 (1)U () 4 207 (8) P () + Z Tmp® T (1)U (t)
= —aVi (z(t),m) + T (O)ETC(), (3.2.12)
and
T
x(t) x(t)
L{Va (x(t)} = i(t) Q1 i(t)
f (Whx(t)) [ (Whx(t))
x(t — har) ' x(t — h)
—e M a (= hay) Qu| it —hu)
JfWhz(t — har)) S Whz(t — har))
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200ty / s (fi(s) = k7s) + 0ua (ks — fi(s))] ds

+2e [K,Whz(t) — f (Whaz(t)]" A Wia(t)

+2e= [f (Wiz(t — hag)) — K Wiz (t — har)]T AaWhi(t — hay)
+2e K Wlx(t — hM) f (Wla:(t — hM))] AQWl.j?(t — hM)
< —aVy (x(t) + ¢T (1)L (1) (3.2.13)

The upper bounds of £ {V5(z(t))} can lead to

R0 ' (1)
{3 (z(t))} = Q2
f(Whx(t)) f(Whx(t))

T
B (1 B h(t)) z (t — h(t)) G0
f Wiz (t—h(1))) f Wiz (t = h(1)))
T

< —aV (x(t) + ¢ (H)Z3¢(t)

T
—l—a/t { #(s) Qs [ #(s) ] ds. (3.2.14)
t=h®) | f (Wha(s)) f(Wh(s))
Calculating £ {V4(x(t))} is represented
T
L{Va(z(1)} = —Oz/t hM/ eu=?) @ (u) R & (u) duds
f (Wi (u)) S (Wiz(u))
T
t #(s) #(s)
- / e (s) R| i(s) |ds
t—hns
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2(t) | (%)
+hup i(t) R (1)
f(Wha(t)) | f(Wha(t)) |
e ][ e
= —aVy(z(t)) + hy (1) R @(t)
| f (Whz(t)) [ (Whz(t))
T
) z(s) x(s)
— / e () R| i(s) |ds. (3.2.15)
t—hn

J (Whz(t)) J (Whx(t))

Considering that t — h < s < t, one can easily obtain that e=®" < els—t) < 1,
T
i x(s) (s)
L{Va(z(t)} + a ds
t=h(t) | f (Whz(s) Wlx(s

—OéV4 (x(t)) + hM ;i*
Wla: Wla:

IN

t
_e—ah/ i(s) R a(s) ds
t—hn
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The following two zero equalities are considered as follows:

0=e " (xT(t)Plx(t) — 2T (t — h(t)) Piz (t — h(t))

— t 27 (s)Pyi(s)ds
2/t_h(t) <>P1<>d>,

0=e°h (xT (t — h(t)) Pox (t — h(t)) — 2T (t — hay) Pox (t — hay)

t—h(t)
—2/t a:T(S)ng:(s)ds>.

—hn

The sum of (3.2.17) and (3.2.18) can lead to
t

0 = (T(H)Z5C(t) — 200" / 27 (5) P (s)ds

t—h(t)

O
—2e™ @ / x” (8)Pyi(s)ds.
t

—hn

By adding (3.2.19) into (3.2.16), it can be

T
t x(s) x(s)
LV (z o ds
VAEOIERY L(WM(S)J Qs [f(w(s))]

- T
z(s)
t
<70 Ea+ Z5)gl0) — e | i(s)
t—h(t)
| f (Wha(s)) |
Q2,11 0 Q2,12 0, P1 0y,
x | R—ae*™ | o, 0, 0, |+ |« 0,0,
Q221 0, Q2,22 | x x Op
z(s)
X x(s) ds
S (Wha(s))
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x(s) 0, P 0, x(s)

i—h(t)
_/t_hM i(s) R+1 0,0, z(s) ds
f (Whx(s)) * * Oy f(Whx(s))
= ¢T(t) (B4 + Z5) ¢(2)
T
e (s
—ah
— x(s) Raug1 x(s) ds
t—h(t)
f(Whz(s)) f(Whz(s))
T
(s) z(s)
i—h(t)
_—aha / i(s) Ruwgz | d(s) | ds, (3.2.20)
t—hnr
f (Whix(s)) f (Whix(s))

where Rgy91 and Rgyg2 are defined as (3.2.6).

From Lemma 2.1.2; the integral terms in (3.2.20) get the upper bounds as

t #(s)
— e_ahM J?(S) augl
t—h(t)
f(Whz(s)) f(Whz(s))
<e “hMSym{C (t)S1w1(t) + ¢ () Urwa () } + h(6)CT (t) (S1(Raugr) ™" ST
+§U1(Raugl) 1U'l > C(t)
= e o (T (H)Z41¢ (1), (3.2.21)
T
e | 7@ (s)
— €_ahM/ IZJ‘(S) Raug2 IZJ‘(S)
t—hn
f (Whz(s)) f (Wiz(s))

< e "M Sym {¢T () Sows (t) + (T () Uowa(t) } + (har — h(t) ¢T () (S2(Raug2) 'S5
+3Un(Rauge) 07 ) (0

= e~ T ()24 (1), (3.2.22)
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where

t 9 t t
— i ds—l——/ / i duds
/t—h(t) &(s) h(t) Ji—n) Js ()

f (Wiz(s)) J (Wiz(u))
= [—e17 + 2e13, €1 + €3 — 2e6, —eq1 + 2e15)” C(t),

&
V)
—~
~
~—

I

ws(t) = i(s) ds = [e1s, ez — e3,e12]” ((t),

f(Whz(s))

t—h(t) pt—h(t
duds
hM h /thM/s

Wlx

= [—e18 + 214, €2 + €3 — 2e7, —e1a + 2e16]” C(t)

The upper bound of £{V,(z(t))} derived using (3.2.15)-(3.2.22) is as follows:

T
¢ (s) z(s)
LAV, (x o ds
{Va ((t)} + /t_h@ L(Ww(s))} Q> [f(w(s))]

< CT(t) (By+ Ea1 + Bao + E5) C(1)

FROCT () {51 (Rangn) ST + 301 (Rangr) 0T <10

+ (has — h(t)) ¢T (1) {sg(Raugg)-lsQT + %UQ(RMQ)*UQT } C(t). (3.2.23)
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In the component association of ((t), two zero equalities are derived:

0= ¢T()Sym {(h(t)es — err) L1} (1), (3.2.24)
0= ¢"(t)Sym {((har — h(t)) er — e1s) T2} C(1), (3.2.25)

where U; € R™*(197=0(; = 1 2) are any matrices.

The sum of (3.2.24) and (3.2.25) can lead to

0= ¢" () =gy ¢ (). (3.2.26)

From Assumption 1 with a = 0, for H;, F; € D"} (j = 1,2, 3), the following inequality

is satisfied:

T ()01 C(t) =0, (3.2.27)

where

ht) oy — h(t)
har har
har — h(t)

O1[ny = —Sym { (e9 — ex W Kpn) ( F1> (e9 — elwlTKp)T}

< y Tt F2> (€10 - eQWITKp)T}
<%)H3 4 har = RO F3>

hat

—Sym { (610 — 62W1TKm)

—Sym { (611 — e;;WlTKm)

x(en-—eyvfk;fr},
and with a # 0, for H;, F; € D} (j = 4,5,6), the following inequality is also satisfied:

T () Oopny ¢ (1) >0, (3.2.28)

where

h(t ha — h(t
Osine) = _Sym{(€9 —e19 — (e1 — e2) Wi Kyp,) < ( )H + MF4>

har ho
T T
X (69 — €10 — (61 - 62) Wi Kp) }

—Sym { (eg — e11 — (e1 — e3) Wi Koy) <Z(—A?H5 + Wh;Mh(t)FS)
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T
X (69 —e11 — (e1 —e3) WlTKp) }
h(t har — h(t
_S?JM{(EN —e11 — (ea —e3) WiTKm) (h(—M)HG + MT()F6>
T
x (e10 — e1n — (e2 — e3) WITKP) } .

The proof of the inequalities (3.2.27) and (3.2.28) was specifically explained in [16].
By using Lemma 2.1.5, an upper bound of £{V (z(t),m)} (3.2.12)-(3.2.28) can

be written as

LAV (z(t),m)} + aV (z(t),m) — BwT (t)w(t)

< () |:E[h(t)} + Egn(ry) + h(t) {Sl(Raugl)_lsiF + %Ul(Raugl)_lUlT}
g = H(0) {2l Rog2) ST + JUalRange) V] |
~genely o) (3:2.20)
A stability condition in the system (3.2.1) can be

— — _ 1 _
¢t (t) [ﬂ[h(t)} + Egln(ey) + (1) {Sl(Raugl) ST+ UL (Raug) U }
_ 1 _
+ (hM - h(t)) {SQ(RauQZ) 1551 + gUZ(RauQZ) 1U2T}
—ﬁ€19€{9] ((t) <0, (3.2.30)

subject to 0 = T'C(¢).

From Lemma 2.1.3, the following inequality satisfies:

T _ _ _ 1 -~
(r*) [%(t)] + Zeino) + Alt) {Sl(Raugl) 'ST 4 UL (Raug) UY }
1
# (ar = h(0) {82l Rag) 1 SE + 3Vl Run) VS |
—ﬁelgefg] (Fi) <. (3.2.31)

The inequality (3.2.31) is satisfied, if the following two inequalities hold

T _ _ B 1 _
(FJ_> [:[hM} + Z6[ha) T b {Sl(Rauyl) 15{ + gUl(Rauyl) 1U1T}
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—,Belge’{g} (PL> <0 (3.2.32)
and

T _ _ B 1 _
(Pl) [:[0} + =6j0) T ha {52(Rau92) 155 + gUZ(Rauﬁ) 1U2T}

—ﬁelge{g] (ri) <o0. (3.2.33)

since it relies on h(t) with the condition of 0 < h(t) < hps. Therefore, the stability
condition for Markovian jump NNTVDs (3.2.1) satisfies with (3.2.7) and (3.2.8).
Thus, it is asymptotically stable for 0 < h(t) < has and A(t) < hp. This completes

our proof. [

Remark 8 It was proved that inserting inequalities containing the activation func-
tion condition (3.1.3) provides enhanced stability criteria for Markovian jump NNTVDs
in [10]. Like [28], %@)HZ + h]”h;]\?(t)FZ (1 =1,...,5) are always positive definite since

the time-varying delay 0 < h(t) < hjps relies on h(t).

Remark 9 In the previous researches such as [44] and [45], the exponential func-

tions e®(s—)

is included in the every integral terms of the constructing LKFs. In
this paper, £{V3(x(t))} doesn’t contain —a'Vs(z(t)) since V3(z(t)) remove the ex-
ponential function e**~%) . By adding aV3(x(t)), the inequality (3.2.14) satisfies the
condition of Lemma 2.1.5. The novel techniques has had the effect of producing less

conservative results in the reachable set of (3.2.1).

Remark 10 In [46], a simple approximation to minimize the volume € of (3.2.6)
was suggested as 0/ < P and this is equivalent as follows:
o . . 5 _ =
minimize 5
oI I
subject to , and LMIs (3.2.7) and (3.2.8). (3.2.34)
I P
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Likewise [47], the optimization toolbox is used to solve the optimization value of o
by fminsearch.m. The obtained results can be used to confirm the ellipsoid in the
following numerical examples.

The following Theorem 3.2.2 shows an improved result than the results of The-

orem 3.2.1.

Theorem 3.2.2 For given scalars hyr and u, system (3.2.1) is asymptotically stable
for 0 < h(t) < har and h(t) < p, if there exist scalar o > 0, matrices Uy, € ST,
P, R, Q1 €SY, Q€S¥, Aj, A, €D, P, €S, S;, N; e RI9=Dx3n H. Fy e D7
(j =1,2,...,6) satisfying the following LMIs:

(Fi[hoT (EF];LM} - ﬂ61961T9> (Fi[h]) (Fi[h])T (harS1) (Fi[h])T (harNy)
* —hpe®™ Rygn 031,
* x —3he™M Ry

<0, (3.2.35)

(Fi[o])T (57[73] - /361961T9) (Pi[o}) (Fi[oOT (haSa) (Fi[oOT (harN2)

* —h eha Raug2 O3n,
* * _3hMeahM Raug2
<0, (3.2.36)
Raugl > 07 (3237)
Raug2 > 0, (3238)
where
r
Linnety) = h(t)el — el . (3.2.39)

(har = h(t))ef — efs
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The same notations are used, like Theorem 3.2.1.

Proof Let us see the stability condition of the LKFs for a system (3.2.1). It can be
written by

£V} < 670 Sy + ) { S1(Ravgr) ST + 501 (Ravgr) 0T |

_ 1 _
(g = H(0) { Sa(Ravge) 1T + Ul Ravie) 107 |

—56196{9} ¢(t) <0,

subject to 0 = F[h(t)}C(t)~ (3.2.40)
By (i) and (ii) of Lemma 2.1.3, the above condition is equivalent to

—_— au —_ 1 au —
:[hmﬁh(t){sl( ) 151T+§U1( ) lUlT}

aug\ — 1 augy\ —
s = 1(0) { 520585 + U(@5) 0T |
+Sym { MT [, } — Bergely < 0, (3.2.41)

for any matrix M, where Z(; ;) is the same notation in Theorem 3.2.1.

The inequality (3.2.41) is satisfied, if the following two inequalities hold

—_ au — 1 au —_
:[hM}"‘hM{Sl( ) 1S?+§Ul( ) 1U1T}

+Sym {MT 5,1} — Bergely < 0, (3.2.42)
au — 1 au —

Ejg) + hm {52( 5SS + §U2( 57) 1U2T}

+Sym {MT5 } — Bergely <0, (3.2.43)

since the above inequality relies on h(t) with the condition of 0 < h(t) < hys. By
utilizing (ii) and (iii) of Lemma 2.1.3, it can be confirmed that if inequalities (3.2.35)
and (3.2.36) hold, then the inequality (3.2.41) satisfied for the system (3.2.1). Since
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the other proof is the same as Theorem 3.2.1, it can be omitted. |

Remark 11 Zero equalities have some drawbacks, which increase the calculating
costs due to the free variables ¥; € R™*(197=0) (; = 1,2). For solving these problems,

the AZEA was proposed in [35]. All the zero equalities such that
0= (—A(rt)er{ - eff + Wo(rt)egT + Wg(rt)egT + B(Tt)e,{g) ¢(t),
0= (h(t)es — e17)C(t),

0 = ((har — h(t)) er — e1g) C(t),

in Theorem 3.2.1 are incorporated in 0 = I'j,¢(t). By utilizing the AZEA, Lemma
2.1.4 was applied to (3.2.40). Consequently, it is possible not only to eliminate the
free variables ¥; € R™(19=0 (; = 1 2), but also to guarantee less conservatism in

stability criteria with improved maximum upper bounds of time-varying delays.

3.2.3 Numerical Examples

Two examples verify that the proposed techniques can be effective and estimate

bounds of smaller reachable set in this paper.

Example 3.2.1 Let us consider the system (3.2.1) with r, € {1,2}:

20 22 0 0.0403
A1) = , A2) = , B(1) =B(2) =
03.5 0 1.8 0.6771
—10.5 -1 1
WO(l) = 5 WO(2) = 5 Wl - 127
0.5 —1 0.5 -1
—0.50.5 —0.50.6
Wh(1) = , Wa(2) =
0.5 0.5 0.7 0.8
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K, = diag{0.4,0.8}, K,, = 0,. (3.2.44)

e s o T T12 —0.2 0.2
The transition probabilities matrix is given by II = =

91 7922 0.8 —0.8
The external input of Markovian jump NNTVDs (3.2.1) is assumed to satisfy (3.2.3)

with wys = 1.

In Table 3.2.1 and Table 3.2.2, allowable smaller bounds § are shown for differ-
ent values hp. The minimum bounds of the reachable set obtained by optimizing
5 for a are listed in Table 3.2.1 and Table 3.2.2. They includes the results of a
recent research such as [44]. By comparing the results, it is explicitly verified that
the proposed methods are enhanced. p is smaller and smaller, the allowable mini-
mum bounds of ¢ show impactful performances in the reachable set of Markovian
jump NNTVDs. To check the effectiveness of the results in (3.2.1) with ~ = 3 and
@ = 2, the random signals satisfying time-varying delays h(t) = 1.5sin (%t) + 1.5,
the activation function f (z(t)) = [0.4tanh (z1(t)) 0.8tanh (@(t))}T’ and choosing
disturbances w(t) as the random signal satisfying |w(t)| < 1 are illustrated in Fig.
3.2.1. When the optimal 6 = 0.7018, a = 0.2998 of Theorem 2 are obtained by solv-

ing optimization problem, the corresponding feasible matrices U, are derived as

1.5085 —0.0028 1.4249 0
U = , Uy = . All the reachable states and the

—0.0028 1.9716 0 1.4249
bounds ellipsoids of (3.2.1) starting from origin are shown in Fig. 3.2.2. It can be

clearly seen that all the reachable states of (3.2.1) are surrounded by the reachable

set obtained by this paper, which illustrate the effectiveness of our derived results.
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Table 3.2.1: Allowable smaller bounds ¢ for various y and hy; = 2 (Example 3.2.1).

i 0.2 0.4 0.6 0.8
0.6821 0.8578 1.2302 2.2204
W.J. Lin et al. [44]
(@=044) (@=039) (a=031) (a=022)
0.5158 0.5965 0.7221 0.8412
Ours (Theorem 1)
(@ =04124) (o =0.3817) (a=0.3526) (o= 0.3252)
0.4698 0.5031 0.5301 0.5469

Ours (Theorem 2)

(@ =0.4462) (o =0.4550) (o =0.4624) (= 0.4594)

Table 3.2.2: Allowable smaller bounds § for various p and hy; = 3 (Example 3.2.1).

" 0.2 0.4 0.6 0.8

0.9443 1.2456 1.9351 5.0915
W.J. Lin et al. [44]

(v = 0.30) (v = 0.26) (e =0.21) (a=0.12)

0.7480 0.9034 1.2175 1.9624

Ours (Theorem 1)
(@ =0.2807) (a=02516) (a=0.2156) (a=0.1698)
0.7018 0.7939 0.9274 1.1454

Ours (Theorem 2)

(@ =0.2998) (a=0.2875) (o=0.2702) (a=0.2437)
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1& - ]

Markov chain

0 . . . .
0 20 40 60 80 100

t[sec]

Figure 3.2.1: Random jumping mode r(¢) of (3.2.1) (Example 3.2.1).

1.5 T T T T
Reachable states of MUNNs
r(t)=1
1} r(t)=2 i
0.5 1
= ot 1
X
0.5 1
IF 4
15 ! | L | |
1.5 -1 0.5 0 0.5 1 1.5

Figure 3.2.2: Reachable states of (3.2.1) (Example 3.2.1).
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Example 3.2.2 Let us consider the system (3.2.1) with r; € {1,2}:

25 0
A1) = , A(2) =

0 04
15 0.1

Wo(l) = , Wo
0.1 —1.5
115

Wa(1) = , Wa(2) =
1.50.5

20
015

—1.5

1

—0.5 -1.5

—-0.50.5
0.6 0.7

K, = diag{0.5,0.5}, K, = 0,.

The transition probabilities matrix is given by II =

with wyy = 1.

)

0.0513
0.5372

, Wi =1,

11 712

o1 T22
The external input of Markovian jump NNTVDs (3.2.1) is assumed to satisfy (3.2.3)

0.0303
0.4996

(3.2.45)

-0.9 0.9
0.3 —0.3

The obtained bounds ¢ are listed by the conditions of different values hp and

o = 0.1894 in Table 3.2.3. They includes the results of a recent research such as

[45]. By comparing the results, it is explicitly verified that the proposed methods

are enhanced. According to various p , the allowable minimum bounds of § show

less conservative in the reachable set of (3.2.1).

Table 3.2.3: Allowable smaller bounds & for various u (hy = 3, a = 0.1894) (Ex-

ample 3.2.2).

" 02 04 06 0.8

W. J. Linet al. [44] | 0.5192 0.5386 0.5836 0.7929
X. Jiang et al. [45] | 0.5173 0.5364 0.5807 0.7789
Ours (Theorem 1) | 0.4954 0.5044 0.5228 0.5839
Ours (Theorem 2) | 0.4917 0.4991 0.5080 0.5372
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3.2.4 Conclusion

In this paper, enhanced delay-dependent the estimation of the reachable set for
Markovian jump NNTVDs are proposed. By constructing the improved augmented
LKF's expanded the previous researches and utilizing GFWMI, the optimization of
the reachable set parameter for delayed Markovian jump neural networks was il-
lustrated in Theorem 3.2.1. Based on Theorem 3.2.1, the AEZA in [35] is applied
to a more relaxed criterion, eliminating free-variables caused zero equality and ex-
panding the maximum delay bounds. Two numerical examples are used to confirm
an improved results and the minimum of the ellipsoid bounds in a reachable set. In
Figure 3.2.1 and Figure 3.2.2, it shows the random jumping mode and the reachable

states of Markovian jump NNTVDs, respectively.
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IV. Conclusions

In this thesis, enhanced delay-dependent stability criteria for Generalized NNTVDs
system and delay-dependent the estimation of the reachable set for Markovian jump
NNTVDs are investigated. Firstly, to obtain less conservative results, a newly aug-
mented Lyapunov-Krasovskii’s functional such as including the activation functions
term is used to improve the feasible region of stability analysis. Secondly, the esti-
mation of the reachable set is proposed by optimizing the parameter based on the
principles of stability analysis. Finally, numerical examples are used to verify the
validity and superiority than previous literature. The predicting the maximum de-
lay bounds, the results are checked by the graph as shown in Figure 3.1.1. In Figure
3.2.1 and Figure 3.2.2, it shows the random jumping mode and the reachable states
of Markovian jump NNTVDs, respectively. The proposed stability analysis and es-
timation of the reachable set for the neural networks systems are represented by the

Lyapunov method. All simulations use MATLAB LMI Toolbox and Simulink.
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